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Introduction

Metamaterials are artificial structures that can be 
designed to exhibit specific electromagnetic properties 
not commonly found in nature.
Metamaterials are characterized by simultaneously 
negative permittivity (ε

 
< 0) and permeability (μ

 
< 0). 

Metamaterials are also referred to left-handed (LH) 
materials.
The Magazine“Science” named LH materials as one of 
the top scientific breakthroughs of 2003 [“Breakthrough 
of the year: The runners-up,” Science, vol. 302, 
No.5653, pp. 2039–2045, 2003.]
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Description of electromagnetic waves

DH J
t

∂
∇ × = +

∂

Maxwell equations:

E -
 

Electric field [Volt/meter; V/m]
H -

 
Magnetic field [Ampere/meter; A/m]

B -
 

Magnetic induction [Tesla; T]
D -

 
Electric displacement [Coulomb/m2

 
; C/m2]

J -
 

Electric current density [Ampere/m2

 
; A/m2]

ρ
 

-
 

Electric charge density [Coulomb/m3; C/m3]
ε

 
–

 
Dielectric permittivity [Farad/m; F/m]

μ
 

–
 

Magnetic permeability [Henry/m; H/m]

BE
t

∂
∇× = −

∂
D ρ∇⋅ =
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D Eε= B Hμ= 0 0
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Plane EM wave description (1)
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μ
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∂ ∂
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∂ ∂
Maxwell equations:

yx HE
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ε
∂∂

= −
∂ ∂

Let ( )0 cosxE E e t kzω= ⋅ ⋅ −

(1) (2)
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Using i ik
t z

ω∂ ∂
= = −

∂ ∂
find from (2): (next slide)
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xE E e e ω −= ⋅ ⋅
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Plane EM wave description (2)

E k Hωε− = ×

0k
RHM
>

;H k Eωμ = ×

zk k e= ⋅

E k
H

0 0ε μ> >

Pointing vector
2 2

E H
S E H k k

ωμ ωε
= × = ⋅ = ⋅S

Forward wave
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Plane EM wave description (3)

E k Hωε = ×;H k Eωμ− = ×

0 0ε μ< <

Pointing vector

2 2
E H

S E H k k
ωμ ωε

= × = − ⋅ = − ⋅

E
k

H

0k
LHM
<

S

Backward wave
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RH plane wave

( ,0)H z
( ,0)E z

Electric field energy density
Magnetic field energy density
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Characteristics of the plane EM wave

k ω ε μ=

Characteristic (wave) impedance:

( )
( )0

,
,

x

y

E z t
Z

H z t
μ
ε

= =

Phase velocity
 

is defined as the velocity of a propagation of the 
constant phase surface( )t kz constω − =

Wave number (propagation 
constant):

Group velocity
 

is defined as the velocity of a propagation of the 
surface of the group of waves with the constant amplitude

1

g
dkV
dω

−
⎛ ⎞= ⎜ ⎟
⎝ ⎠

For and 0gRHM LHM V >

με
ω

⋅
==

1
k

Vph

Forward wave propagates in RHM, backward wave propagates in LHM

For 0, 0 0phRHM Vε μ> > → >

For 0, 0 0phLHM Vε μ< < → <
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Plane EM wave in a perfect waveguide
Y

Z

PEW

PMW

xE E e= ⋅

zS S e= ⋅

yH H e= ⋅

X

The plane wave propagates in the perfect waveguide 

a) filled with the medium with ε
 

> 0 and μ
 

> 0
 

as in line with 
the

 
right-handed rule

b) filled with the medium with ε
 

< 0 and μ
 

< 0
 

as in line with 
the

 
left-handed rule

RHM
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Parallel plate transmission line
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Transmission line concept

•
 

The parallel plate transmission line with TEM mode 
described by E and H components can be equivalently 
replaced by a transmission line with V (voltage) and I 
(current) components. 

•
 

In the case of backward wave
 

the equivalent 
transmission line is defined as left-handed transmission 
line (LH TL) and is considered as oneone--dimensional dimensional 
metamaterialmetamaterial.

•
 

In the case of forward wave
 

the equivalent transmission 
line is defined as right-handed transmission line (RH TL)
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How to realize an equivalent 
transmission line?

LS

CP

LS
LS

CP

LS
LS

CP

LS

Single cell of RH TL
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Telegraph equations for RH TL (1)

1 1s pL L z C C z= ⋅Δ = ⋅Δ

L1

 

is inductance per unit length [H/m]

C1

 

is capacitance per unit length [F/m]

V2
V1

I2

Δz

LS

CP

I1

1 2 1

1 2 1

IV V V L z
t

q VI I I C z
t t

∂
− = −Δ = ⋅Δ ⋅

∂
∂ ∂

− = −Δ = = ⋅Δ ⋅
∂ ∂

I I
z z
V V
z z

Δ ∂
→

Δ ∂
Δ ∂

→
Δ ∂

0zΔ →
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Telegraph equations for RH TL (2)

1 1

1 1

V IL i L I
z t
I VC i CV
z t

ω

ω

∂ ∂
= − = −

∂ ∂
∂ ∂

= − = −
∂ ∂

They are followed by the wave equations:
2 2

2
1 1 1 12 2

2 2
2

1 1 1 12 2

I ILC LC I
z t
V VLC LCV
z t

ω

ω

∂ ∂
= ⋅ = −

∂ ∂
∂ ∂

= ⋅ = −
∂ ∂
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1 1

1 1

1
0

1

1

1 1

0
1 0

1

ph

g ph

k LC

V
k LC

LZ
C

kV V
LC

ω
ω

ω

−

= >

= = >

=

∂⎛ ⎞= = =⎜ ⎟∂⎝ ⎠

Dispersion diagram 
for the perfect RH TL

RH TL characteristics

k

( )k ω
k c+ ⋅k c− ⋅

ω
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How to realize an artificial LH 
transmission line?

Let us use the duality principle: 

CS CS

LP

CS CS

LP

CS CS

LP

Single cell of LH TL

shuntseriesCL ⇒⇒

seriesshuntLC ⇒⇒
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Telegraph equations for LH TL (1)
1 1

1 1

1 1
p sL z C z

L C
− −⎛ ⎞ ⎛ ⎞= ⋅Δ = ⋅Δ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
is inverse inductance per unit length [H-1m-1]

is inverse capacitance per unit length [F-1m-1]

1

1

1 1

1 1

V I
z i C
I V
z i L

ω

ω

∂ ⎛ ⎞= − ⋅⎜ ⎟∂ ⎝ ⎠
∂ ⎛ ⎞= − ⋅⎜ ⎟∂ ⎝ ⎠

Δz

V1

CS

LP

V2

I1 I2

2

2 2
1 1

2

2 2
1 1

1 1 1

1 1 1

I I
z L C
V V
z L C

ω

ω

∂ ⎛ ⎞ ⎛ ⎞= − ⎜ ⎟ ⎜ ⎟∂ ⎝ ⎠ ⎝ ⎠
∂ ⎛ ⎞ ⎛ ⎞= − ⎜ ⎟ ⎜ ⎟∂ ⎝ ⎠ ⎝ ⎠

Telegraph equations Wave equations

1

1
L

⎛ ⎞
⎜ ⎟
⎝ ⎠

1

1
C

⎛ ⎞
⎜ ⎟
⎝ ⎠
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LH TL characteristics

1 1

2

1 1

1
0

1

1
2

1 1

1 1 1 0

1 0
1 1

1

1

1 0
1 1

ph

g

k
L C

V
k

L C

CZ

L

kV

L C

ω
ω ω

ω
ω

−

⎛ ⎞ ⎛ ⎞= − ⋅ <⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= = − <
⎛ ⎞ ⎛ ⎞⋅⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠=
⎛ ⎞
⎜ ⎟
⎝ ⎠

∂⎛ ⎞= = >⎜ ⎟∂⎝ ⎠ ⎛ ⎞ ⎛ ⎞⋅⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

Dispersion diagram 
for the perfect LH TL

k

k c+ ⋅k c⋅

( )k ω

ω
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Remarks
In the LH TL, a backward wave propagates 
with the phase and the group velocities 
being in opposite directions
The dispersion in the LHTL is characterised 
by the propagation constant k being 
inversely proportional to the frequency ω
The dispersion in the RH TL is characterised 
by the linear dependence of the propagation 
constant k on the frequency ω
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Equivalent presentation of a single 
cell of RH and LH TL

Z 01Z 0

θ

Z 0

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

θθ

θθ
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

cossinj

sinjcos

01

01
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Z
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TRL

Y 1Z 0 Z0
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⎥
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⎥
⎥
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⎤
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⎢

⎣

⎡
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⎦
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⎡
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⎥
⎥
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⎢
⎣

⎡
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Z
Z
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Z
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Lumped-Element
 

Equivalents of a TL SectionLumped-Element
 

Equivalents of a TL Section
| θ | ≤ 90°| θ | ≤ 90°

LLSS11 LLSS11

CCPP11

LLSS22

CCPP22 CCPP22 CCinvinv

-- CCinvinv -- CCinvinv LLinvinv

-- LLinvinv -- LLinvinv

LLPP11

CCSS11 CCSS11 CCSS22

LLPP22 LLPP22

-- LLinvinv -- LLinvinv

LLinvinv

CCinvinv

-- CCinvinv -- CCinvinv

| θ | = 90°| θ | = 90°

R
H

 T
L

R
H

 T
L

LH
 T

L
LH

 T
L

( )2θantω
1

01
1 Z

CS =

( )θsinω
01

1
Z

LP =

( )θsinω
1

01
2 Z

CS =

( )2θantω
01

2
Z

LP =

( )
ω

2θant01
1

Z
LS =

( )
01

1 ω
θsin

Z
CP =

( )
ω

θsin01
2

Z
LS =

( )
01

2 ω
2θant

Z
CP =

01ω
1
Z

Cinv =
ω
01Z

Linv =

ω
01Z

Linv =
01ω

1
Z

Cinv =
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Combination of RH and LH TL formed 
as cascaded single cells

CS CS

LP

CS CS

LP

CS CS

LP

LS

CP

LS
LS

CP

LS
LS

CP

LSRH TL

LH TL
T-section

Π-section
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Lumped element RH transmission lines

Kirchhoff
 

voltage and current low:

1 0 1

1 0

(1)
(2)

n n n

n n n

V V i L I
I I i C V

ω
ω

+ +

+

− =
− =

In+2

l

Vn

In+1
In

Vn+1

l

L0

C0
C0C0

C0

(3)

(4)

in
n

in
n

V V e

I I e

θ

θ

−
+

−
+

=

=

forkz knl n klθ θ= = =
Identifying

One finds

RH TL
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Dispersion characteristic for the 
lumped element RH TL

Substituting (3) and (4) in (1) and (2) and multiplying (1) and (2) we obtain 
the dispersion equation:

2
2 2

0 0 2
0

1sin (5)
2 4

L Cθ ωω
ω

⎛ ⎞ = =⎜ ⎟
⎝ ⎠

0
0 0

2 (6)
L C

ω =
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Dispersion characteristic of the 
lumped element RH TL 

θ−θ

1 1kl LCω=

0
0 0

2
L C

ω = ω0 is the cut-off frequency

ω

−π π0

ω0

A w( )

w
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The main features of the lumped 
element RH TL 

0ω ω>

In the low-frequency limit 0( )ω ω<<

0

sin
2 2

ω θ θ
ω

⎛ ⎞= ± ≈ ±⎜ ⎟
⎝ ⎠

1 1
0

2k LC
l
ω ω
ω

= =

and the artificial TL behaves as an infinitely 
long RH TL with the linear dispersion low

•
 

When           , θ becomes a complex number and the wave 
is attenuated: the higher frequency, the more is the attenuation

•Thus the lumped element RH TL behaves as the 
low-pass transmission line
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Lumped element LH transmission lines

2
2 0

2 2
0 0

1 1sin (7)
2 4 L C

ωθ
ω ω

⎛ ⎞ = =⎜ ⎟
⎝ ⎠

In

Vn

C0

L0

C0

L0

C0

L0

C0

L0

l

Using the same procedure as for the RH TL we obtain the 
dispersion equation:

0
0 0

1 (8)
2 L C

ω =

LH TL
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The main features of the lumped 
element LH TL 

In the high-frequency limit 0( )ω ω>>

0 sin
2 2

ω θ θ
ω

⎛ ⎞= ± ≈ ±⎜ ⎟
⎝ ⎠

0

1 1

2 1 1k
l LC
ω
ω ω

−
= = ⋅

and the artificial TL behaves as an infinitely 
long LH TL with nonlinear dispersion low: 

•
 

When             , θ becomes a complex number and the 
wave

 
is

 
attenuated: the lower frequency, the more is the attenuation

0ω ω<

•Thus the lumped element LH TL behaves as the 
high-pass transmission line

kl



I. Vendik

WiP, 13-18 April 2008, Paris

CPW/LH transmission line section

Z = 50 Ω; θ

 

= -60º
Z = 50 Ω
θ

 

= 11.25º
Z = 50 Ω
θ

 

= 11.25ºC C

L

Unit cell

CPW

Frequency, GHz

P
ha

se
 S

21
, D

eg

100

150

0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
-50

0

50

0ω ω<



I. Vendik

WiP, 13-18 April 2008, Paris

RH / LH TL section (three unit cells)
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Example of a combination of RH/LH TLs

RHRH LH
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RH/LH TL section based resonator 
(dual-band)
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3-dB directional coupler on a 
combination of RH/LH TL sections

3344

11 22

CC11LL22

LL22
CC11

CC33CC22

CC22CC22

LL11

CC11

- C - C

C
LHTL RHTL

L

C C
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Conclusion

Artificial LH TL demonstrates a propagation of 
backward waves with the opposite directions of 
the phase velocity and the group velocity.       
The LH TL is one -dimensional metamaterial
In the LHTL, the propagation constant k is 
inversely proportional to the frequency ω
There is a possibility to build more sophisticated  
TL using combination of LH and RH TL
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