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We establish a new approach for pump-probe simulations of metallic metamaterials coupled to the gain

materials. It is of vital importance to understand the mechanism of the coupling of metamaterials with the

gain medium. Using a four-level gain system, we have studied light amplification of arrays of metallic

split-ring resonators with a gain layer underneath. We find that the differential transmittance �T=T can be

negative for split-ring resonators on the top of the gain substrate, which is not expected, and �T=T is

positive for the gain substrate alone. These simulations agree with pump-probe experiments and can help

to design new experiments to compensate for the losses of metamaterials.
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The field of metamaterials has seen spectacular experi-

mental progress in recent years [1–3]. Most metamaterials

have a metal-based nanostructure and eventually suffer

from conductor losses at optical frequencies, which are

still orders of magnitude too large for realistic applications.

In addition, metamaterial losses become an increasingly

important issue when moving from multiple metal-based

metamaterial layers to the bulk case [3]. Thus, the need for

reducing or even compensating for the losses is a key

challenge for metamaterial technologies. One promising

way of overcoming the losses is based on introducing the

gain material to the metamaterial. The idea of the combi-

nation of a metamaterial with an optical gain material has

been investigated by several theoretical [4–7] and experi-

mental studies [8–12]. From the experimental point of

view, the realistic gain can be experimentally realized

with fluorescent dyes [8], quantum dots [9,10], or semi-

conductor quantum wells [11,12]. All these loss compen-

sations are mainly attributed to the coupling between

metamaterial and the gain medium. Without sufficient

coupling, no loss compensation can happen, nor can the

transmitted signal be amplified. Therefore, it is of vital

importance to understand the mechanism of the coupling

between metamaterial and the gain medium. In addition,

these ideas can be used in plasmonics to incorporate gain

[13,14] to obtain new nanoplasmonic lasers [15,16].

In this Letter, we present a systematic theoretical model

for pump-probe experiments of metallic metamaterials

coupled with the gain material, described by a generic

four-level atomic system. We describe the dynamical pro-

cesses in metamaterials with gain; increasing the gain

changes the metamaterial properties, and we need to

have self-consistent calculations [4–6] to reach a steady

state. The pump-probe results affect the time dependence

of the population inversion and the electric field enhance-

ment that increases the effective gain. We observe differ-

ential transmittance signals from the coupled system that

are larger than for the bare gain. Furthermore, we observe a

more rapid temporal decay of the differential transmittance

signal for the coupled system compared to the bare gain.

Both effects indicate substantial local-field-enhancement

effects, which increase the effective metamaterial gain

beyond the bare gain, leading to a significant reduction

of the metamaterial’s losses.

We model the dispersive Lorentz active medium by

using a generic four-level atomic system. The population

density in each level is given by Ni (i ¼ 0; 1; 2; 3). The
time-dependent Maxwell’s equations for isotropic media

are given byr�Eðr;tÞ¼�@Bðr;tÞ=@t andr�Hðr; tÞ ¼
@Dðr; tÞ=@t, where Bðr; tÞ ¼ ��0Hðr; tÞ, Dðr;tÞ¼
""0Eðr;tÞþPðr;tÞ, and Pðr;tÞ is the dispersive electric

polarization density that corresponds to the transitions

between two atomic levels, N1 and N2. The vector P

introduces gain in Maxwell’s equations, and its time evo-

lution can be shown to follow that of a homogeneously

broadened Lorentzian oscillator driven by the coupling

between the population inversion and external electric field

[17]. Thus, P obeys the equation of motion

@2Pðr; tÞ

@t2
þ �a

@Pðr; tÞ

@t
þ!2

aPðr; tÞ ¼ �a�Nðr; tÞEðr; tÞ;

where �a stands for the linewidth of the atomic transitions

at !a and accounts for both the nonradiative energy decay

rate as well as dephasing processes that arise from inco-

herently driven polarizations. In the following simulations,

this value is equal to 2�� 20� 1012 rad=s. �a is the

coupling strength of P to the external electric field, and

its value is taken to be 10�4 C2=kg. The factor �Nðr; tÞ ¼
N1ðr; tÞ � N2ðr; tÞ is the population inversion between

level 2 and level 1 that drives the polarization P. In order

to do pump-probe experiments numerically, we first pump

the gain material with a short, intense Gaussian pump

pulse. After a suitable time delay, we probe the structure

with a weak probe pulse (see Fig. 1). In our model, an
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external mechanism pumps electrons from the ground state

level N0 to the third level N3 by using a Gaussian pumping

PgðtÞ, which is proportional to the pumping intensity in the

experiments. After a short lifetime �32, electrons transfer
nonradiatively into metastable second levelN2. The second

level (N2) and the first level (N1) are called the upper and

lower lasing levels, respectively. Electrons can be trans-

ferred from the upper to the lower lasing level by sponta-

neous and stimulated emission. At last, electrons transfer

quickly and nonradiatively from the first level (N1) to the

ground state level (N0). The lifetimes and energies of the

upper and lower lasing levels are �21, E2 and �10, E1,

respectively. The center frequency of the radiation is!a ¼
ðE2 � E1Þ=@, which is a controlled variable chosen accord-
ing to the pump-probe experiments. The parameters �32,
�21, and �10 are chosen to be 0.05, 80, and 0.05 ps, respec-

tively. The initial electron density N0ðr; t ¼ 0Þ ¼
5:0� 1023 m�3, Niðr; t ¼ 0Þ ¼ 0 m�3 (i ¼ 1; 2; 3). Thus,
the atomic population densities obey the following rate

equations:

@N3ðr; tÞ

@t
¼ PgðtÞN0ðr; tÞ �

N3ðr; tÞ

�32
;

@N2ðr; tÞ

@t
¼

N3ðr; tÞ

�32
þ

1

@!a

Eðr; tÞ �
@Pðr; tÞ

@t
�

N2ðr; tÞ

�12
;

@N1ðr; tÞ

@t
¼

N2ðr; tÞ

�12
�

1

@!a

Eðr; tÞ �
@Pðr; tÞ

@t
�

N1ðr; tÞ

�10
;

@N0ðr; tÞ

@t
¼

N1ðr; tÞ

�10
� PgðtÞN0ðr; tÞ;

where Gaussian pump PgðtÞ ¼ P0e
�ðt�tp=�pÞ

2

, with P0 ¼

3� 109 s�1, tp ¼ 6 ps [18], and �p ¼ 0:15 ps.

In order to solve the response of the active materials in

the electromagnetic fields numerically, the finite-

difference time-domain technique is utilized [19], using

an approach similar to the one outlined in Ref. [20].

The object of our studies is to present pump-probe simu-

lations on arrays of silver split-ring resonators (SRRs)

coupled to single quantum wells [11,12]. The structure

considered is a U-shaped SRR fabricated on a gain-GaAs

substrate with a square periodicity of p ¼ 250 nm [see

Fig. 2(a)]. The SRR is made of silver with its permittivity

modeled by a Drude response: �ð!Þ¼1�!2
p=ð!

2þi!�Þ,

with !p ¼ 1:37� 1016 rad=s and � ¼ 2:73� 1013 rad=s.

The incident wave propagates perpendicular to the SRR

plane and has the electric field polarization parallel to the

gap [see Fig. 2(a)]. The corresponding geometrical parame-

ters are a¼150 nm, hd¼40 nm, hg¼20 nm, hs ¼ 30 nm,

w ¼ 50 nm, and h ¼ 75 nm. Figure 2(b) shows the calcu-

lated spectrum (without pump) of transmittance T, reflec-
tance R, and absorptance A for the structure shown in

Fig. 2(a). The resonant frequency is around 175 THz, and
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FIG. 2 (color online). (a) Schematic of the unit cell for the

silver-based SRR structure (yellow) with the electric field po-

larization parallel to the gap. The dielectric constants " for gain

(red) and GaAs (light blue) are 9.0 and 11.0, respectively.

(b) Calculated spectra for transmittance T (black), reflectance

R (red), and absorptance A (blue) for the structure shown in

Fig. 2(a). The inset shows the profile of the probe pulse with a

center frequency of 175 THz (FWHM ¼ 2 THz).
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transmitted
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FIG. 1 (color online). Schematic illustration of pump-probe

experiments.
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we refer to the resonant frequency according to the dip of

the transmittance. In our analysis, we first pump the active

structure [see Fig. 2(a)] with a short intensive Gaussian

pump pulse PgðtÞ [see Fig. 3, top panel]. After a suitable

time delay (i.e., the pump-probe delay), we probe the struc-

ture with a weak Gaussian probe pulse with a center fre-

quency close to the SRR resonance frequency of 175 THz.

Typical examples for the spatial distribution of electric field

and gain are shown in Ref. [21]. The incident electric field

amplitude of the probe pulse is 10 V=m, which is well

inside the linear response regime. Then, we can Fourier

transform the time-dependent transmitted electric field and

divide by the Fourier transform of the incident probe pulse

to obtain the spectral transmittance of the system as seen by

the probe pulse. Additionally, we obtain the total pulse

transmittance by dividing the energy in the transmitted

pulse by the energy in the incident pulse, integrated in the

time domain. We define the differential transmittance

�T=T by taking the difference of the measured total plus

transmittance with pumping the active structure minus the

same without pumping and dividing it by the total plus

transmittance without pumping. This differential transmit-

tance is a function of the pump-probe delay. The bottom

panel in Fig. 3 gives a differential transmittance �T=T

which is negative. This result was not expected, and we

need to understand this behavior, which agrees with the

experiments [11,12].

Figure 4 gives an overview of the results obtained for the

case of the SRRs on resonance, i.e., !a ¼ 2�� 175�
1012 rad=s. Data for the structure in Fig. 2(a) (left column

in Fig. 4) and for the bare gain case (right column in Fig. 4)

without the SRRs on top is shown. For parallel polarization,

the light does couple to the fundamental SRR resonance; for

perpendicular polarization, it does not. The probe center

frequency decreases from top (179 THz) to bottom

(169 THz). Note that the width of the probe spectrum is

2 THz [see the inset in Fig. 2(a)]. Hence, the data have been

taken with 2-THz spectral separation. Inspection of the left
column shows a rather different behavior for the SRRs with

gain compared to the bare gain case. While the bare gain

always delivers positive�T=T signals belowþ0:16% (right

column) over the whole probe spectrum, the sign and mag-

nitude of the signals change for the case SRRs with gain.

Under some conditions,�T=T reaches values as negative as

�8:50% around fprobe ¼ 175 THz. Additionally, we may

also get positive �T=T at the very edges of the probe range

(see the left column in Fig. 4). If we turn to the case of

perpendicular polarization, no distinct change between the

pump-probe results on the SRRs (not shown in Fig. 4) and

the bare gain (right column in Fig. 4), neither in the magni-

tude nor in the dynamics of the �T=T, can be detected.
We argue that the distinct behavior can be attributed to

the strong coupling between the resonances of the SRRs

and the gain medium. The negative �T=T are not as we

expected at first glance: The pump lifts electrons from

the ground state to an excited state so that the absorption

of the probe pulse is reduced, leading to an increase of

FIG. 3 (color online). Schematic of the numerical pump-probe

experiments for the case on resonance. From the top to the

bottom, each row corresponds to the pump pulse, population

inversion, incident signal (with time delays 5, 45, and 135 ps),

transmitted signal, and differential transmittance �T=T. It

should be mentioned here that the incident frequency of the

probe pulse is 175 THz with a FWHM of 2 THz and is equal to

the SRR resonance frequency.

FIG. 4 (color online). Time domain numerical pump-probe

experiments results for the SRR that is nearly on-resonant with

the gain material. The left column corresponds to the parallel

probe polarization with respect to the gap of the SRRs; the right

column is the case for bare gain material, i.e., without SRRs on

the top of the substrate. The width of the probe signal is 2 THz

with decreasing in the probe center frequency from 179 THz for

the top panel to 169 THz for the bottom panel.
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transmission. This is not the whole story. The reason lies in
the fact that with the pump we not only affect the absorp-
tion but disturb the reflection of the structure, resulting in
the mismatching of the impedance. Furthermore, we ob-
served either an increasing or a decreasing tendency for the
case of on resonance as shown in Fig. 4. All those behav-
iors can be explained by the competing of the weak gain
resonance and the impedance mismatching between
pump and without pump cases. We will explore the
underlying mechanism below. Figure 5 shows the results
for the difference in absorptance (�A), difference in re-
flectance (�R), their sum (�Aþ �R), and the difference
in transmittance [�T ¼ �ð�Aþ �RÞ] between pump
(P0 ¼ 3� 109 s�1) and no pump using a wide probe
(FWHM ¼ 54 THz) pulse with a fixed pump-probe delay
of 5 ps. As expected, we may observe a positive differential
transmittance,�T=T>0, when we pump the gain,�A<0,
and if �R (impedance match) remains unchanged.

The results of Fig. 5 are obtained for pump-probe experi-

ments with the probe frequency equal to the resonance

frequency of the SRRs (175 THz) at a pump-probe delay

of 5 ps; results for longer pump-probe delays are shown in

Supplemental Material [21]. Notice that�R is positive,�A
is negative, and �T is also negative very close to the

resonance frequency. If the probe center frequency moves

away from the SRR resonance frequency, the negative

�T=T decreases in magnitude, and finally �T=T becomes

positive. These results are shown in Fig. 6 and agree with

experiments [11,12]. If we can increase the magnitude of

the Gaussian pump pulse PgðtÞ to 5� 1010 s�1 and we

repeat the pump-probe experiments, �T=T � �100% at

resonance frequency, 175 THz. If we increase the pump
amplitude further to 1011 s�1, we can compensate for the
losses. However, such pump intensities are unrealistic
experimentally [21]. In conclusion, we have introduced a
new approach for pump-probe simulations of metallic
metamaterials coupled to gain materials. We study the
coupling between the U-shaped SRRs and the gain mate-
rial described by a four-level gain model. Using pump-
probe simulations, we find a distinct behavior for the
differential transmittance �T=T of the probe pulse with
and without SRRs in both magnitude and sign (negative,
unexpected, and/or positive). Our new approach has veri-
fied that the coupling between the metamaterial resonance
and the gain medium is dominated by near-field interac-
tions. Our model can be used to design new pump-probe
experiments to compensate for the losses of metamaterials.
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Supplementary material 

 
The following two figures illustrate the spatial distribution of gain in the simulations.  In Fig. 

S1, we have plotted the spatial distribution of the local electric field components, Ex, Ey, and 

Ez, with pump near the resonance of the SRR (a‐c). Ex is very strong inside the SRR gap; also, 

the normal component Ez  is reasonably strong near the ends of the open arms of the SRR. 

These  are  the  locations  where  most  of  the  gain  originates.  We  plotted  also  the  spatial 

distribution  of  the  change  in  the  electric  field  between  pumped  and  unpumped 

transmission of the probe pulse, ΔE = |Epump| ‐ |Ewithout pump| where |E| = sqrt (Ex2+Ey2+Ez2), as 

a function of the pump‐probe delay (d‐e) and the strength of the pump pulse (g‐h). As the 

pump‐probe  delay  increases,  the  strength  of  ΔE  becomes  smaller;  as  the  pumping  rate 

increases,  the  amplitude  of  ΔE  becomes  bigger.  This  is  not  unexpected  and  simply  is  a 

consequence of the changing population inversion, i.e., the change in available local gain. 

 

 
Figure S1: The first row corresponds to the electric field amplitude distributions at 175THz with pump 

(P0  =  3  ×  109  s‐1  and  Δt  =  5ps)  in  the  cross‐section  of  the  gain  layer  (z  =  40nm  from  the  top  of  the 

structure)  for  different  components:  (a)  Ex  (V/m),  (b)  Ey  (V/m),  and  (c)  Ez  (V/m).  The  second  row 

corresponds to the near‐field differential ΔE with P0 = 3 × 109 s‐1 for three different time delays, namely 

(d) 5ps, (e) 45ps, and (f) 135ps, respectively. The third row corresponds to the near‐field differential, ΔE 

at Δt = 5ps, for three different pumping strengths, namely (g) P0 = 6 × 109 s‐1, (h) P0 = 9 × 109 s‐1, and (i) 

P0  =  12  ×  109  s‐1,  respectively.  Here  the  ΔE  is  defined  by  taking  the  difference  of  the measured  total 

electric field with pumping the active structure minus the same without pumping. The area enclosed by 

the white line is the projection of the SRRs on the gain layer. 



This figure does not add significantly in understanding the mechanisms of optical changes 

of  the  gain medium:  The  spatial  distribution  of  the  gain  is  only marginally  of  interest  to 

understand the effect of the pump on the differential transmission of the probe pulse. As we 

demonstrate  in  the  paper,  the major  factors  responsible  for  the  experimentally  observed 

behavior  are  the  change  in  impedance  of  the  metamaterial  and  the  change  of  resonant 

absorption mediated by the SRR resonance, both with respect to the probe pulse. These two 

factors  are  global  quantities  that  relate  to  the  effective  response  of  the metamaterial  and 

have no “simple” correspondence to the local field distributions. 

 

In  Fig.  S2  below we  show  a  typical  example  of  the  spatial  distribution  of  the  population 

inversion,  ΔN  =  N2‐N1,  between  the  lasing  levels  which  can  serve  as  a  measure  for  the 

spatial distribution of the gain in our samples. The cross‐section plane of the plot is parallel 

to the surface in the middle of the gain layer underneath the SRR. As expected, the depletion 

of  the population  inversion  follows the strength of  the  local E  field and  is strongest  in  the 

gap  of  the  SRR.  Note  the  very  small  scale  of  the  depletion  of  population  inversion;  this 

indicates  that  this active metamaterial  is working deep within  the  linear  response regime 

and is far from gain saturation.   

 

 
 
Figure S2: The normalized spatial distribution of population inversion (N2‐N1)/Ntotal is shown at absolute 

time t = 10.995ps in the right panel. The population inversion is plotted in the cross‐section parallel to 

the surface in the middle of the gain layer. The pump pulse is centered around 6ps, the probe pulse at 

11ps; the pump‐probe delay is 5ps. The pumping rate is 3x109 s‐1, and the center frequency and FWHM 

of  probe  pulse  are  175THz  and  2THz  (see  Fig.  2).  The  left  panels  show  the  shape  of  the  transmitted 

probe  pulse  in  time  domain  (top)  and  in  frequency  domain  (bottom).  Note  that  the  depletion  of  the 

population inversion is very small; the pulse transmission takes place deep within the linear response 

regime. 

We  did  not  further  investigate  the  pump‐field  spatial  distribution,  as  this  is  essentially 

constant in our implementation via a Gaussian pumping rate. The fact we can demonstrate 

the  negative  differential  transmissions  and  successfully  attribute  them  to  reflectance  and 

absorptance changes brought about by the line width change in the metamaterial resonance 

proves that the spatial variation of the pump field is inconsequential and not responsible for 

the observed effect. 

 

 



 
Figure S3: Frequency domain numerical pump‐probe experiments results for the on‐resonance case (see 

Fig. 5) for a pump‐probe delay of 5ps (red solid curve), 45ps (blue dashed curve) and 135ps (magenta 

dotted  curve),  respectively.  Here  ∆T,  ∆R  and  ∆A  are  the  change  in  transmittance,  reflectance  and 

absorptance, respectively, between the pumped and unpumped case. 

 

In Fig. S3 we present some additional results  for  the change  in  transmittance,  reflectance, 

and  absorptance  between  the  pumped  and  unpumped  cases  augmenting  Fig.  5  in  the 

manuscript. We consistently observe a negative differential transmittance for probe pulses 

centered  at  the  resonance  frequency  of  the  SRR  (2THz  probe  pulse  bandwidth,  on‐

resonance case). We show the results  for three different pump‐probe delays ranging from 

5ps  to  135ps.  The  5ps  case  (red  solid  line)  corresponds  to  the  case  shown  in  Fig.  5.  The 

differences between  the  curves  shown  in Fig.  S3  result  from  the exponential decay of  the 



population  inversion  created  by  the  pump  (available  gain)  with  increasing  pump‐probe 

delay due to non‐radiative decay in the rate equations. Thus, the longer we wait, the smaller 

the  effective  gain.  We  see  that  the  absorptance  change,  ∆A,  becoming  less  negative,  the 

reflectance change, ∆R, and the transmittance change, ∆T, becoming smaller with increasing 

pump‐probe  delay.  All  three  cases  maintain  the  negative  differential  transmittance. 

However,  in  all  cases  the  increase  in  reflectance  (due  to  increased  impedance mismatch 

near  the  undamped  resonance)  is  the  dominant  contribution  to  the  differential 

transmittance,  rendering  it  negative  despite  the  negative  sign  in  the  differential 

absorptance. These results corroborate the analysis in the paper. 

 

Finally, we want to take the opportunity to put our results in perspective with respect to the 

ongoing  debate  [cf. M.  I.  Stockman,  PRL 106,  156802  (2011);  S. Wuestner,  A.  Pusch, K.  L. 

Tsakmakidis,  J. M. Hamm, O. Hess, PRL 107, 259701 (2011);  J. B. Pendry, S. A. Maier, PRL 

107, 259703 (2011)] within the community as to whether complete compensation and net 

amplification in active metamaterials is possible. The question of whether net amplification, 

i.e. absolute transmittance larger than unity, is possible or not is not really relevant for the 

experimentally  observed  behavior  that  we  explain  in  this  manuscript  because  we  are 

actually  far  from  total  compensation  in  these  experiments.  While  the  differential 

transmissions may be positive or negative, the absolute absorptance here remains positive. 

In our simulations, we do easily observe negative total absorptance and net amplification if 

we increase the pumping rate to experimentally unrealistic levels (here Po ≈ 1011 s‐1). This is 

in  agreement  with  results  demonstration  loss  compensation  and  over‐compensation  in 

numerical work we published before  (see e.g. Ref. 4  in  the manuscript). As  is well known 

e.g. from laser devises, instability arises when the gain exceeds both intrinsic and radiation 

loss  and  lasing  and  saturation  of  gain  ensues  in  this  case.  If,  however,  the  gain  just 

compensates  the  intrinsic  absorption  but  not  the  radiation  damping  then  stable 

amplification  is possible. The  same applies  in metamaterials with gain at  sufficiently high 

pumping  rates.  In  real  active metamaterials  the  situation may become more  complicated. 

For  near  optical materials,  all  resonances  arising  from  the metamaterial  constituents  are 

plasmonic  in nature  to some extent. Parallel  to  the normally desired radiative modes  that 

lead to attenuation or amplification of transmitted signal radiation (and which will lase for 

high  enough  gain)  also  non‐radiative  modes  exist  (which  may  lead  to  spasing  for  high 

enough gain). The latter compete for the available gain and may prevent overcompensation 

or lasing if less damped intrinsically. In our simulations we have not observed that, but the 

simulations in the case of this manuscript are not designed to be accurate in the lasing limit 

because although  including possible  spasing solutions  they do not handle  the background 

fluctuations  correctly  (as  they  are  inconsequential  for  the  situation  far  below  the  lasing 

threshold  which  we  are  discussing  in  the  manuscript).  The  overcompensation  and 

amplification we  observe  at  unrealistically  high  pumping  rates may  indicate  that  spasing 

does  not  outcompete  the  propagating  modes  for  gain  in  our  materials  or  may  just  be  a 

consequence of  the  spasing modes not  being  excited by  either  the probe  radiation or  the 

background noise. Thus, deciding the question of whether lasing or spasing modes win the 

competition  for  the  gain  and  whether  lasing  from  metamaterials  with  gain  is  possible 

requires  more  careful  simulations  and  is  clearly  beyond  the  scope  and  purpose  of  this 

manuscript. 

 


