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Numerical studies of left-handed materials and arrays of split ring resonators

P. Markoš* and C. M. Soukoulis
Ames Laboratory and Department of Physics and Astronomy, Iowa State University, Ames, Iowa 50011

~Received 7 November 2001; published 7 March 2002!

We present numerical results on the transmission properties of the left-handed materials~LHMs! and split-
ring resonators~SRRs!. The simulation results are in qualitative agreement with experiments. The dependence
of the transmission through LHMs on the real and imaginary part of the electric permittivity of the metal, the
length of the system, and the size of the unit cell are presented. We also study the dependence of the resonance
frequency of the array of SRRs on the ring thickness, inner diameter, radial and azimuthal gap, as well as on
the electrical permittivity of the board and the embedding medium, where the SRR resides. Qualitatively good
agreement with previously published analytical results is obtained.

DOI: 10.1103/PhysRevE.65.036622 PACS number~s!: 41.20.Jb, 42.70.Qs, 73.20.Mf
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I. INTRODUCTION

Very recently, a new area of research, called left-han
materials~LHMs! has been experimentally demonstrated
Smith et al. and Shelbyet al. @1,2# based on the work o
Pendry et al. @3,4#. LHM are by definition composites
whose properties are not determined by the fundame
physical properties of their constituents but by the shape
distribution of specific patterns included in them. Thus,
certain patterns and distribution, the measured effective
mittivity eeff and the effective permeabilitymeff can be made
to be less than zero. In such materials, the phase and g
velocity of an electro-magnetic wave propagate in oppo
directions giving rise to a number of properties@5#. This
behavior has been called ‘‘left-handedness,’’ a term used
Veselago@6# over 30 years ago, to describe the fact that
electric field, magnetic intensity, and propagation vector
related by a left-handed rule.

By combining a two-dimensional~2D! array of split-ring
resonators~SRRs! with a 2D array of wires, Smithet al. @1#
demonstrated the existence of left-handed materials. Pe
et al. @4# has suggested that an array of SRRs give an ef
tive meff , which can be negative close to its resonance
quency. It is also well known@3,7# that an array of metallic
wires behaves like a high-pass filter, which means that
effective dielectric constant is negative at low frequenci
Recently, Shelbyet al. @8# demonstrated experimentally th
the index of refractionn is negative for a LHM. Negative
refraction index was obtained analytically@9# and also from
numerically simulated data@10#. Also, Pendry@11# has sug-
gested that a LHM with negativen can make a perfect lens

Specific properties of LHMs makes them interesting
physical and technological applications. While experimen
preparation of the LHM structures is rather difficult, esp
cially when isotropic structures are required, numeri
simulations could predict how the transmission proper
depend on various structural parameters of the system. It
be extremely difficult, if not impossible, to predict the tran
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mission properties of such materials analytically. Mutu
electromagnetic interaction of neighboring SRRs and wi
makes the problem even more difficult. Numerical simu
tions of various configurations of SRRs and of LHMs cou
be therefore very useful in searching the direction of
technological development.

In this paper, we present systematic numerical results
the transmission properties of LHMs and SRRs. An i
proved version of the transfer-matrix method~TMM ! is used.
Transfer matrix was applied to problems of the transmiss
of the electromagnetic~EM! waves through nonhomoge
neous media many years ago@12–14#. It was also used in
numerical simulations of the photonic band-gap mater
~for references see, Ref.@15#!. The TMM enables us to find a
transmission and reflection matrices from which the tra
mission, reflection, and absorption could be obtained. T
original numerical algorithm was described in Ref.@13#. In
our paper, we use a different algorithm which was origina
developed for the calculation of the electronic conducta
of disordered solids@16#.

The paper is organized as follows: In Sec. II, we brie
describe the structure. We concentrate on the structure
played in Fig. 1. In Sec. III, we present and discuss o
results. The dependence of the transmission of the LHM
SRR on the electrical permittivity of the metallic comp
nents of our structure is given in Sec. III A. In Sec. III B, w

i-
-

FIG. 1. Top: the structure of the unit cell as was used in
present simulations. Structure acts as the left-handed metama
if the electromagnetic wave propagates along thez direction and is
polarized with electric fieldE parallel to the wire and magnetic fiel
H parallel to the axis of the SRR. Bottom: The structure of the S
and definition of the SRR parameters.
©2002 The American Physical Society22-1
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present the dependence of the transmission of the LHM
the size of the unit cell and size of the metallic wires. In S
III C, we show the dependence of the resonance frequenc
SRRs on the parameters of the SRR. Section III D deals w
the dependence of the resonance frequency on the perm
ity of the board and embedding media. In Sec. IV, we su
marize our results and give some conclusions. Finally, in
Appendix, we give a detailed description of the transf
matrix method.

II. STRUCTURE OF LHM METAMATERIAL

Both in the experiment and in the numerical simulatio
the left-handed metamaterials consist from an array of
cells, each containing one SRR and one wire. Figure 1~a!
shows a realization of the unit cell that we have simulat
The size of the unit cellLx3Ly3Lz and the size of SRR
itself are of the order of 1 mm. Waves propagate along thz
direction. The SRR lies in theyz plane, and the wire is
parallel to they axis.

As we are mostly interested in the transmission proper
of the left-handed metamaterial, the configuration as p
sented in Fig. 1~a!, should be considered as one dimension
Indeed, such metamaterials possesses the left-handed pr
ties only for the electromagnetic wave incoming in thez
direction and even then only for a given polarization. Tw
dimensional structures have been realized in experim
@2,8#, in which two SRR have been positioned in each u
cell in two perpendicular planes. For such structures, l
handed transmission properties have been observed
waves coming from any direction in thexz plane. No three-
dimensional structure has been realized so far.

Figure 1~b! shows a single square SRR of the type us
for our simulations and also for experiments@2#. The struc-
ture of the SRR is defined by the following parameters:
ring thicknessc, the radial gapd, the azimuthal gapg, and
the inner diameterr. The size of the SRR is

w54c12d1r . ~1!

Another parameter is the thickness of the SRR itself~in thex
direction!. This thickness is very small in the experiment
(;0.02 mm). We cannot simulate such thin structures yet
numerical simulations, we divide the unit cell int
Nx3Ny3Nz mesh points. For homogeneous discretizati
used throughout this paper, the discretization defines
minimum unit lengthd5Lx /Nx . All length parameters are
then given as an integer ofd. This holds also for the thick-
ness of the SRR. Generally, the thickness of the SRR use
our simulations is 0.25–0.33 mm. Although we do not exp
that the thickness will considerably influence the electrom
netic properties of the SRR, it still could cause a small qu
titative difference between our data and the experime
results.

III. STRUCTURAL PARAMETERS

A. Metallic permittivity

The existence of LHMs has been experimentally dem
strated@1,2# for structures that have resonance frequencie
03662
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the gigahertz region. In this frequency region, we do n
know the exact values of electrical permittivityem of the
metal. We know that Imem is very large, and/or the Reem is
large but negative. In our previous studies@17# we have
found that the resonance frequencyn0 of the LHM depends
only on the absolute value ofem . In fact, n0 reaches the
saturated value provided thatuemu.104. Since we do not
know the exact values of the metallic permittivity, we ha
studied the transmission of the LHM with different values
em . In the results presented in Fig. 2, we chooseem51
1i Im em with different values of Imem . The last is propor-
tional to s(v)/v @18#. For simplicity, we neglect thev de-
pendence of Imem and consider Imem58000, 18 000, and
38 000 for the three cases presented in Fig. 2. For each c
we present results of transmission for different number~1–
10! of unit cells. Notice that the higher imaginary part of th
metal the higher is the transmission. Also the losses du
the absorption are smaller, as can be seen from the decr
of the transmission peak as the length of the system
creases. This result is consistent with the formula presen
by Pendryet al. @4# for the effective permeability of the sys
tem

meff512
Fn2

n22n0
21 ign

, ~2!

with the damping factor

2pg5
2Lxr

rm0
~3!

and the resonance frequency

~2pn0!25
3Lxclight

2

p lnS 2c

d D r 3

, ~4!

wherer is the resistance of the metal,Lx is the size of the
system along thex axis, clight is a the velocity of light in
vacuum, and parametersr, c, andd characterize the structur
of the SRR. They are defined in Fig. 1~b!. Notice that the
damping termg→0 as s→`. Since the Imem is propor-
tional to s, g is inversely proportional to Imem . Our nu-
merical results suggest that it is reasonable to expect tha
LHM effect will be more pronounced in systems with high
conductivity.

In Fig. 3, we present the frequency dependence of
transmission for SRRs with the same parameters as thos
Fig. 2. Notice that the transmission is more pronounced
the length of the system is increased. Note also that the r
nance gap becomes narrower when Imem increases. This is
in agreement with Eq.~2!. The frequency interval, in which
the effective permeability is negative, becomes narrow
when the damping factorg decreases.

In Fig. 4, we show the transmission through the LHM,
which the SRRs are turned around their axis by 90°. If
keep the same size of the unit cell as that of Fig. 2, we do
obtain any LHM peak in the transmission, although there
2-2
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FIG. 2. LHM peak for various
values of the metallic permittivity.
Lines corresponds to a system
length of 1,2, . . . ,10 unit cells.
The SRR is modeled as in Fig. 1
The size of the unit cell is
533.6635 mm, the size of the
SRR is 3 mm, and the size of th
wire is 131 mm. The dashed line
is transmission for the LHM sys-
tem with unit cell 3.6633.66
33.66 and a system length of 1
unit cells.
fo
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. 4
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e
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R
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very well-defined gap for the SRR alone. It seems that
this orientation of the SRR there is no overlap of the field
the wire with that of the SRR. The results shown in Figs
and 5 are therefore obtained with a reduced unit cell
3.6633.6633.66 mm ~the size of SRR is still 333 mm).
The LHM transmission peak is located close to the low
03662
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edge of the SRR gap~shown in Fig. 5!. This is in contrast to
the results presented in Figs. 2 and 3, where the LHM tra
mission peak is always located close to the upper edge o
SRR gap. Finally, the gap shown for the ‘‘turned’’ SR
shown in the Fig. 5, is deeper and broader than the gap
the ‘‘up’’ SRR.
.
e
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-
re-
e
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FIG. 3. Transmission for SRRs
for the same systems as in Fig. 2
Data confirm that the resonanc
frequency does not depend on th
metallic permittivity. This agrees
with @17#. However, the resonanc
gap becomes narrower as Imem of
the metallic components in
creases. The shaded area rep
sents a gap for the array of th
SRRs with a unit cell 3.6633.66
33.66 and length system of 10
unit cells. Note also that the dept
of the transmission is constant
(;1027) and see text for explana
tion.
2-3
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In fact, for the SRR ‘‘up’’ structure, we found that th
transmission in the gap is always of order of 1027 to 1028.
We can explain this effect by nonzero transmission from
p to s polarized wave~and back!. If the transmissiont(p
→s) andt(s→p).0, then there is always the nonzero pro
ability }t(p→s)t(s→p) for the p-polarized wave to switch
into the s state, at the beginning of the sample, mo
throughout the sample as thes wave~for which neither wires
nor SRR are interesting!, and in the last unit cell to switch
back into thep-polarized state. This process contributes
the transmission probabilityT(p→p) of the whole sample
and determines the bottom level of the transmission gap
SRR. We indeed found thatt(s→p);1024 for the ‘‘up’’
SRR. In the ‘‘turned’’ SRR case, botht(p→s) and t(s
→p) should be zero due to the symmetry of the unit c
@19#. Our data give t(p→s);t(s→p);1026 for the
‘‘turned’’ SRR which determines the decrease of the tra
mission in the gap below 10211.

We have also analyzed LHM structures with Reem large

FIG. 4. Transmission for the LHM with the SRR rotated by 90
The size of the unit cell is now 3.6633.6633.66 mm. We found no
transmission peak for the unit cell size as in Fig. 2~see Fig. 7!. For
comparison with the LHM with ‘‘up’’ oriented SRR, we also sho
the peak for this structure of the same unit cell and metallic perm
tivity e51138.000i and a length system of 10 unit cells~dashed
line!.

FIG. 5. Transmission for the SRR rotated by 90°. The size of
unit cell is now 3.6633.6633.66 mm. For comparison, we ad
also data for the array of ‘‘up’’ SRRs andem51138.000i and a
length system of 10 unit cells~shaded area!.
03662
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and negative values of Imem , while keeping the Imem large
and positive. Results are presented in Fig. 6. Consistent
Fig. 2, we found that the resonance peak increases when
imaginary part ofem increases, while the position of th
resonance peak remains unchanged. Large negative valu
the real part ofem improves the transmission propertie
~open and full circles in Fig. 6!. Nevertheless, when Imem
increases, the role of Reem becomes marginal~open and full
squares in Fig. 6!.

B. Dependence on size of unit cell and width of metallic wire

As we discussed in Sec. III A, the transmission peak
the LHM with cuts in the SRR in the horizontal directio
appears only when the size of the unit cell is really sm
The effect of the size of the unit cell was demonstrated
ready in Figs. 2 and 3, where we compared the transmis
for the ‘‘up’’ SRR and LHM of different size of the unit cell
Both the transmission gap for an array of SRRs and
transmission peak for LHMs are broader for smaller unit c

In Fig. 7, we show the transmission for the LHM structu
with unit cell of size 533.6635 mm for the ‘‘turned’’ SRR.
Evidently, there is no transmission peak for all the syst
lengths studied. The size of the unit cell must be redu
considerably to obtain a transmission peak.

Figure 8 presents the transmission peak for various s
of the unit cell. Resonance frequency decreases as the
tance between the SRRs in thex direction decreases. Thi
agrees qualitatively~although not quantitatively! with theo-
retical formula given by Eq.~4!. We see also that an increas
of the distance between SRRs in thez direction while keep-
ing theLx constant causes a sharp decrease and narrow
of the transmission peak.

C. Resonance frequency of the SRR

In this section, we study how the structure of the SR
influences the position of the resonance gap. In order

t-

e

FIG. 6. Transmission peak for the left-handed structure w
‘‘turned’’ SRRs for various values of the metallic permittivity~from
below!: «m51118 000i , 1138 000i ~circles!, 1168 000i ,
238 000138 000i ~open circles!, 11168 000i , 11588 000i
~squares!, 2300 0001588 000i ~open squares!, and 2588 000i
~dashed line!. The inset shows the height of the transmission pe
as a function of the imaginary part ofem . The size of the unit cell
is 3.6633.6633.66 mm. Ten unit cells are considered in th
propagtion direction.
2-4
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simulate various forms of the SRR, we need to have as m
as possible mesh points in theyz plane. Keeping in mind the
increase of the computer time when the number of m
points increases, we used a unit cell withLx,Ly ,Lz . The
actual size of the unit cell in this section isLx52.63 mm and
Ly5Lz56.05 mm and we use uniform discretization wi
Nx3Ny3Nz510323323 mesh points. This discretizatio
defines a minimum unit lengthd50.263 mm. The SRR with
size'535 mm is divided into 19319 mesh points.

The electrical permittivity of the metallic components
chosen to beem521000110.000i . We expect that large
value of Imem will increase a little the position of the reso
nance gap@17#. However, the dependence on the differe
structural parameters will remain the same. Higher value
uemu, however, will require more CPU time because
shorter interval between the normalization of the transmit
waves~see the Appendix for details!.

We have considered 23 different SRR structures and s
ied how the resonance frequencyn0 depends on the structur
parameters. The lowestn053.75 GHz was found for SRR

FIG. 7. The transmission for LHM for the same parameters a
Fig. 4, but with larger unit cell 533.6635 mm. No transmission
peak is observed.

FIG. 8. Transmission peak for various sizes of the unit cell w
‘‘turned’’ SRR. The system length is 10 unit cells. Resonance
quency decreases slowly as the distance of SRR in thex direction
decreases. Increase of the distance of SRR along thez direction
causes decrease of the transmission peak, which becomes also
narrower.
03662
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with c:d:r :g51:1:13:1. On theother hand, SRRs with
c:d:r :g52:3:5:3 exhibit n056.86 GHz.

We present our results on the dependence ofn0 on the
azimuthal gapg ~Fig. 9!, radial gapc, and ring thicknessd
~Fig. 10!. In all of these casesn0 increases as the differen
parameters increase. The dependence shown in Figs. 9
10 agrees qualitatively with those done by a different n
merical method@20#. When we compare our results with th

in

-

uch

FIG. 9. Resonance frequency as a function of the azimuthal
g for various SRR structures. The size of the SRR is 5 mm, the
cell is 2.6336.0536.05 mm, which corresponds to 10323323
mesh points. The ratiod:c:r is 1:1:13,3:1:5,2:1:9,1:2:11, and 2
2 : 7, respectively. Note that azimuthal gap does not enter in Eq.~4!.

FIG. 10. Resonance frequency as a function of the of ring thi
nessd ~left! and radial gapc for various SRR structures~right!. The
size of the sample and of the unit cell is as in Fig. 9. In contras
Eq. ~4!, which predicts the decrease ofn0 when c increases, we
found the increase of the resonance frequency. This could be
plained by the fact that an increase of the radial gap causes a
crease of the inner diameter becauser 12c53.947 mm (s) and
2.895 mm (n). Presented data can be therefore interpreted als
the inner-diameter dependence of the resonance frequency. Th
(n0;r 23/2) is much stronger than the logarithmic dependencen0

; ln21/2 c. Then, presented data confirm that the decrease of
inner diameter causes an increase of the resonance frequency
2-5
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analytical arguments presented by Pendryet al. @4#, we have
to keep in mind that that various assumptions about
structural parameters have been done in derivation of Eq.~4!,
which are not fulfilled for our structure. Note also that t
azimuthal gap does not enter the formula for the resona
frequency given by Eq.~4!. Moreover, as the size of the SR
is constant, the structural parameters are not indepen
from each other. Thus, due to Eq.~1!, an increase of the
azimuthal gap causes a decrease of the inner diameter
vice versa. When taking these restrictions into account,
agreement with analytical results is satisfactory.

D. Material parameters

In Fig. 11, we show how the resonance frequency depe
on the permittivity of the dielectric board and on the perm
tivity of the embedding media. As expected, the resona
frequency decreases considerably with the increase of
value of both permittivities.

IV. CONCLUSION

In summary, we have used the transfer-matrix method
calculate the transmission properties of the left-handed
terials and arrays of split ring resonators. The role of abso
tion of the metallic components of our SRRs and LHMs h
been simulated. It is found that the LHM transmission pe
depends on the imaginary part of the metallic permittiv
em , the length of the system, and the size of the unit c
Higher conductivity of the metal guarantees better transm
sion properties of LHMs.

For an array of SRRs, the resonance frequencyn0 was
computed and is found to agree with experimental data.
dependence of the resonance frequencyn0 on various struc-
tural parameters of the SRRs were numerically obtained
compared with analytical estimates and also with other
merical techniques.

The main disadvantage of the presented transfer-ma

FIG. 11. Resonance frequency as a function of the permitti
of the dielectric board~triangles! and of the embedding medium
(s) ~the permittivity of semi-infinite leads remains 1!. The size of
the sample and of the unit cell is in Fig. 9.
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method is that it cannot treat structures with smaller len
scales than our discretization mesh. For example, the th
ness of the SRR is an order of magnitude smaller in exp
ments than in our simulation. Also structural parameters
SRR can be changed only discontinuously as multiples of
unit mesh length. This could be partially overcomed by ge
eralizing the present code to a nonuniform mesh discret
tion. Nevertheless, already uniform discretization enables
to obtain credible data. A comparison of our results w
those obtained by the commercial softwareMAFIA @21# con-
firmed that both methods find the same position of the re
nant gap provided that they use the same mesh discretiza

Our numerical data agree qualitatively with the expe
mental results@1#. As we cannot tune the exact parameters
the SRR~as well as its circular shape!, and when taken into
account the strong dependence of the resonance frequen
the permittivity of the board, we do not expect to obtain ve
accurate quantitative agreement with experimental data.

Our studies demonstrate that the transfer-matrix met
can be reliably used to calculate the transmission and re
tion properties of left-handed materials and split ring reso
tors. Thus, numerical simulations could answer some pra
cal questions about different proposed structures, wh
might be too complicated to be treated by analytical stud
The transfer-matrix method can be used in the future
detailed studies of two-dimensional and even thr
dimensional structures. These structures should contain m
SRR and wires per unit cell, which makes their analytic
analysis extremely difficult. On the other hand, it is e
tremely important to find the best design and test the tra
mission properties of proposed metamaterial even be
their fabrication and experimental measurements start.
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APPENDIX

Transfer-matrix calculations are based on the scatte
formalism. The sample is considered as the scatterer o
incoming wave. The wave normalized to the unit current
coming from the2`, and is scattered by the sample. Sc
terer is characterized by four parameters: transmission of
wave from the left to the right (t1), from the right to the left
(t2), and by reflection coefficient from the right to the rig
(r 1) and from the left to the left (r 2). Corresponding scat
tering matrixS reads

S5S t1 r 1

r 2 t2
D , ~A1!

y

2-6
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which determines the amplitudes of the outgoing wavesB,C
in terms of the amplitudes of the incoming wavesA,D

S C

BD 5SS A

D D . ~A2!

Relation~A2! can be rewritten into the form

S D

CD 5T S B

AD . ~A3!

T is the transfer matrix, which determines the fields on o
side of the sample with the fields on the another side.
explicit form reads

T5S t2
21 2t2

21r 2

r 1t2
21 t12r 1t2

21r 2
D . ~A4!

The transfer matrix~TM! fulfills the composition law. If
the sample consists from two subsystems, then the tran
matrix T12 of the whole sample can be calculated form tra
fer matrices of its subsystems as

T125T2T1 . ~A5!

The resulting TMT12 has again the form~A4!. This compo-
sition law enables us to calculate transmission of com
cated structure from the transfer matrices of its parts~thin
slices!.

In numerical calculations, the total volume of the syste
is divided into small cells and fields in each cell are coup
to those in the neighboring cell. We discretize the Maxw
equations following the method described in Ref.@13#. In
each point of the lattice we have to calculate four com
nents of the electromagnetic~em! field: Ex , Ey , Hx , and
Hy .

We assume that our system is connected to two se
infinite leads~with e51 andm51). The em wave is coming
from the right and is scattered by the sample. Result
waves either continues to the left on the left-side lead, or
traveling back to the right on the right-side lead. Perio
boundary conditions in the directions perpendicular to
direction of the wave propagation are used.

We decompose the system inton thin slices and define a
TM for each of them. Explicit form of the TM for a thin slice
is in Refs.@12# and @13#. The em field in the (k11)th slice
can be obtain from thekth slice as

Fk115TkFk , ~A6!

with Tk being the transfer matrix corresponding to thekth
slice. The transfer-matrixT of the whole sample reads

T5TnTn21•••T2T1 ~A7!

If there areN mesh points in the slice, then the length
the vectorF is 4N ~it contains four components of the e
field in each point!.

Note that we are able to find the explicit form of the T
only in the real-space representation. To obtain the trans
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sion, we have to transform the TM into the ‘‘wave’’ repre
sentation, which is defined by the eigenvectors of the TM
the leads. Therefore, in the first step we have to diagona
the TM in the leads.

Each eigenvalue of the TM is two-time degenerate
cause there are two polarizationsp and s of the em wave.
Moreover, if l is an eigenvalue, thenl21 is also an eigen-
value corresponding to the wave traveling in the oppos
direction. In general, the TM has some eigenvalues w
modulus equal to 1:l5expik. The corresponding eigen
vectors represent propagating waves. Others eigenvalue
of the form l5exp6k. They correspond to the evanesce
modes. For the frequency range which is interesting for
LHM studies, the TM has only one propagating mode.

As the TM is not a Hermitian matrix, we have to calcula
left and right eigenvectors separately. From the eigenvec
we construct three matrices: The 2N34N matrix R1 con-
tains in its columns 2N right eigenvectors which correspon
to the wave traveling to the left. MatricesL1 and L2 are
4N32N matrices which contain in their rows the left eige
vectors corresponding to waves traveling to the left and
the right, respectively.

The general expression of the TM given by Eq.~A4! en-
ables us to find the transmission matrix explicitly@16#

t2
215L1TR1 ~A8!

and the reflection matrix from the relation

r 1t2
215L2TR1 . ~A9!

At this point we have to distinguish between the propagat
and the evanescent modes. For a frequency range of inte
the TM in leads has only one propagating mode for ea
direction. We need therefore only 232 sub-matricest2( i j )
and r 1( i j ) with i , j 51 or 2 for thep- or s-polarized wave.
The transmission and reflection are then

Ti j 5t2~ i j !t2* ~ i j !, Ri j 5r 1~ i j !r 1* ~ i j !, ~A10!

and absorption

Ap512Tpp2Tps2Rpp2Rps ,
~A11!

As512Tss2Tsp2Rss2Rsp .

It seems that relations~A8! and~A9! solve our problem com-
pletely. However, the above algorithm must be modified. T
reason is that the elements of the matrixt2

21 are given by
their larger eigenvalues. We are, however, interested in
largest eigenvalues of the matrixt2 . As the elements of the
transfer matrix increase exponentially in the iteration pro
dure given by Eq.~A7!, information about the smallest e
genvalues oft2

21 will be quickly lost. We therefore have to
introduce some renormalization procedure. We use the
cedure described in Ref.@16#.

Relation~A8! can be written as

t2
215L1r (n), ~A12!

where we have defined 2N34N matrices r (k), k
50,1, . . . ,n as
2-7
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r (k)5T kr
(k21), r (0)5R1 . ~A13!

Each matrixr can be written as

r 5S r 1

r 2
D , ~A14!

with r 1 , r 2 being the 2N32N matrices. We transformr as

r 5r 8r 1 , r 85S 1

r 2r 1
21D , ~A15!

and definer (k)5Tk(r 8)(k21). In contrast tor 1 and r 2, all
eigenvalues of the matrixr 2r 1

21 are of order of unity. Rela-
tion ~A12! can be now rewritten into the form

t2
215L1S 1

r 2
(n)@r 1

n#21D r 1
(n)r 1

(n21) . . . r 1
(1)r 1

(0) , ~A16!

from which we get that
S

lt

y
-

ar

d

t
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t25@r 1
(0)#21@r 1

(1)#21 . . . @r 1
(n)#21FL1S 1

r 2
(n)@r 1

(n)#21D G21

.

~A17!

From Eq.~A9! we find

r 15FL2S 1

r 2
(n)@r 1

(n)#21D G3FL1S 1

r 2
(n)@r 1

(n)#21D G21

.

~A18!

The matrix inversion in the formulaes~A15!–~A18! can be
obtained also by the soluton of a system linear equatio
Indeed, matrixBA21 equals matrixX, which solves the sys-
tem of linear equationsB5XA. CPU time could be reduced
considerably in this way, especially for large matrices.

All elements of the matrices on the right-hand side of E
~A17! are of order of unity. The price we have to pay for th
stability is an increase of the CPU time. Fortunately, if t
elements of the transfer matrix are not too large~which is not
the case in systems studied in this paper!, then it is enough to
perform described normalization procedure only after ev
six to eight steps.
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