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Metasurfaces allow for advanced manipulation of optical signals by imposing phase discontinuities

across flat interfaces. Unfortunately, these phase shifts remain restricted to values between 0 and

2p, limiting the delay-bandwidth product of such sheets. Here, we develop an analytical tool to

design metasurfaces that mimic three-dimensional materials of arbitrary thickness. In this way, we

demonstrate how large phase discontinuities can be realized by combining several subwavelength

Lorentzian resonances in the unit cell of the surface. Our methods open up the temporal response

of metasurfaces and may lead to the construction of metasurfaces with a plethora of new optical

functions. VC 2016 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4939979]

A sheet metamaterial or metasurface is a two-dimensional

patterned structure whose electromagnetic properties are deter-

mined by subwavelength resonant elements. These single-

layer extensions of bulky metamaterials1–5 have revolutionized

the manipulation of optical signals as they allow for controlling

light in a deep subwavelength regime. Starting from the obser-

vation that the laws of reflection and refraction can be general-

ized to include phase jumps at the interface,6 a new line of

research has emerged around artificial surfaces that reflect and

refract light in unconventional ways.7–9 This approach has led

to a class of surfaces that introduce nontrivial phase disconti-

nuities and may replace many conventional bulky devices,

whose functionality relies on the specific phase accumulation

of light. Indeed, metasurfaces with spatially varying phase dis-

continuities allow for ultra-thin analogues of traditional lenses

and axicons,10 focusing mirrors,11 compact polarimeters,12 and

anomalous reflection and refraction.13,14 In addition, several

groups have demonstrated perfect absorption using metasurfa-

ces that exhibit a nontrivial phase shift in reflection.15–17 It is

also possible to manipulate the polarization of light using surfa-

ces with different spectral response along two orthogonal direc-

tions.18 In this way, anisotropic metasurfaces can implement

wave plates, vortex plates, chromatic polarizers, and surface

plasmon polariton couplers.19–23 Two generalizations have

considerably increased the efficiency of metasurfaces.

Electromagnetic metasurfaces that exhibit both an electrical and

a magnetic phase discontinuity,24 and meta-transmit-arrays that

consist of a sequence of metasurfaces25 may facilitate highly ef-

ficient, reflectionless manipulation of the polarization, phase and

amplitude of incoming pulses. So far, the overall phase shift that

is imposed by these metasurfaces remains bounded between 0

and p for electric response sheets and between 0 and 2p for

electromagnetic sheets. In addition, their bandwidth is normally

restricted due to their explicit resonant operation.

In this letter, we demonstrate that it is possible to expand

the range of phase discontinuities to much larger values,

opening up the temporal response of metasurfaces, and we

discuss the application of such metasurfaces for broadband

pulse delay. In addition, we demonstrate that it is possible to

achieve a metamaterial in an a priori determined frequency

band, i.e., the frequency band of operation is not restricted

by the resonant properties associated with the desired

response function. We start our analysis from the observation

that there is a one-to-one correspondence between the elec-

tric (rse) and magnetic sheet (rsm) conductivities of metasur-

faces and their scattering amplitudes24,26

rse x; k?ð Þ ¼ 2

n x; k?ð Þ
1� R x; k?ð Þ � T x; k?ð Þ
1þ R x; k?ð Þ þ T x; k?ð Þ ;

rsm x; k?ð Þ ¼ 2n x; k?ð Þ 1þ R x; k?ð Þ � T x; k?ð Þ
1� R x; k?ð Þ þ T x; k?ð Þ ;

in which Rðx; k?Þ and Tðx; k?Þ are the reflection and transmis-

sion amplitudes, respectively. The wave impedance nðx; k?Þ
equals xl0=k?. For normal incident waves, this simplifies to the

free-space impedance n � 377 X. To obtain the sheet conduc-

tivities that impose an arbitrarily large phase shift on a broad-

band incoming pulse, we can insert the scattering parameters of

a dispersionless matched slab of thickness d and refractive index

n, i.e., RðxÞ ¼ 0 and TðxÞ ¼ A exp ½ixðn� 1Þd=c�; where the

parameter A accounts for a possible amplitude decrease in the

transmitted field (A< 1) and where the reference planes of the

incoming (outgoing) waves coincide with the leftmost (right-

most) boundary of the slab. Writing the corresponding fraction

as a series expansion, we arrive at

nrse xð Þ
2

¼ rsm xð Þ
2n

¼ 1þ 2
X1

m¼1

�Að Þm exp ixmt0ð Þ; (1)

where t0 ¼ ðn� 1Þd=c is the difference between the phase

delay time through the matched slab and the phase delay

time through a vacuum region of the same thickness. These

conductivities are causal periodic functions of x with perio-

dicity p=t0. In Fig. 1, we plot the first two periods of this

function. The resonances of the conductivities occur at those

frequencies for which the optical path difference between
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the slab and vacuum of the same thickness equals an odd

multiple of half the free-space wavelength. These are the fre-

quencies for which a wave propagating through vacuum and

a wave propagating through the slab are in anti-phase. The

zeros of the susceptance [Im(rse)], on the other hand, corre-

spond to the frequencies for which the aforementioned

waves are in phase with each other and for which the sheet

should only generate an amplitude decrease, in correspon-

dence with the nonzero real part of the conductivities.

The physics behind the time delay of this metasurface

can be understood by evaluating the time-domain representa-

tion of the conductivities. Therefore, we calculate the inverse

Fourier transform of Eq. (1), which yields

nrse tð Þ
2
¼ rsm tð Þ

2n
¼ d tð Þ þ 2

X1

m¼1

�Að Þmd t� mt0ð Þ: (2)

The electric and magnetic currents flowing on the metasur-

face are given by the convolution of these conductivity ker-

nels with the local electromagnetic field. In Fig. 2(a), we

show that the impulse response of the currents flowing on

the surface is a Dirac pulse train whose amplitude is decreas-

ing with a factor A at each subsequent pulse. It can be shown

that for an arbitrary incident field EinðtÞ; HinðtÞ the electric

and magnetic sheet currents are given by (see the supplemen-

tary material)27

njseðtÞ ¼ EinðtÞ � AEinðt� t0Þ;

n�1jsmðtÞ ¼ HinðtÞ � AHinðt� t0Þ:

As a result, the outgoing field is a replica of the incident

one modulated with the appropriate amplitude A and phase

shift expð ixt0Þ

EoutðtÞ ¼ AEinðt� t0Þ; (3)

HoutðtÞ ¼ AHinðt� t0Þ; (4)

as shown in Fig. 2(b).

The highly singular nature of the impulse response of

the conductivities is a result of the fact that this sheet mimics

a nondispersive slab that adds a propagation phase to the

incident waves of all frequencies. However, in any physical

realization of this surface, there exists an upper limit on the

frequency for which this assumption remains valid.

Furthermore, only specific types of resonant behavior are

available in nature. Therefore, we investigated whether the

spectrum defined in Eq. (1) can be approximated by a sum of

Lorentzian resonances, which can be easily obtained with

subwavelength meta-atoms. Using a partial fraction decom-

position at the poles pm of Eq. (1), we can show that the

desired spectrum of conductivities can be written as the con-

ductivities corresponding to a sum of Lorentzians in the

susceptibility27

Xþ1

m¼0

�4 ix=t0

jpmj2 þ 2 iIm pmð Þx� x2
; (5)

with an extra residual term

Xþ1

m¼0

�4Im pmð Þ=t0

jpmj2 þ 2 iIm pmð Þx� x2
;

where the mth pole of the transmission function is located at

pm ¼ ð2mþ 1Þp=t0 � i log ð1=aÞ=t0. The residual term,

whose relative magnitude rapidly decreases at nonzero fre-

quencies, accounts for the fact that the real part of Eq. (1)

has a nonzero contribution at DC. Apart from the DC dis-

crepancy, our technique also works perfectly in the non-ideal

case of lossy oscillators. In other words, the nonzero back-

ground in the real part of the conductivities in between the

FIG. 1. The first two periods of the real and the imaginary parts of the sur-

face conductivities as a function of frequency for several values of the trans-

mission amplitude A.

FIG. 2. (a) The time-domain representation of the ideal surface conductiv-

ities is a Dirac pulse train whose amplitude decays with a factor A at each

consecutive pulse. The surface currents on the sheet are defined by the con-

volution of the local field on the surface with these conductivities. (b) For an

arbitrary incident pulse (red), the outgoing pulse is an exact replica of the

incident one with a shifted phase and amplitude (blue).
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resonances can be fitted arbitrarily good using a specific sum

of Lorentzians oscillators.

In Fig. 3, we evaluate the transmission through a metasur-

face approximating the ideal sheet conductivities defined in

Eq. (1) by a finite sum of Lorentzians, corresponding to the

first N terms of Eq. (5). The impulse response of these realistic

conductivities is no longer a singular Dirac train, but instead

an oscillatory function whose extrema decrease as a function

of time, as shown in Fig. 3(a). Consequently, there exists an

upper limit on the bandwidth of operation for any given time

delay. More generally, the delay-bandwidth product depends

on the number of Lorentzian resonances that is implemented

in the surface. By truncating the series of resonances, the

shape of the delayed pulse will not be preserved when the

spectral content of the incident pulse is too broad. To investi-

gate this effect, we numerically simulate the transmission of a

Gaussian pulse through the metasurface and compare this

delayed pulse with the transmitted pulse of the ideal system,

given in Eqs. (3) and (4), as a function of the resulting time

delay t0. The pulse distortion is quantified by the cross-

correlation between both pulses. In Fig. 3(b), we plot this

cross-correlation for several surfaces implementing a different

number of Lorentzian resonances. As expected, the cross-

correlation decreases as the delay-bandwidth product

increases and the gradient of this curve highly depends on the

number of resonances. From this figure, we can extract the

minimal number of resonances that must be implemented for

a given delay-bandwidth product by imposing a cross-

correlation of at least 95% between the transmitted pulses

through the ideal and the approximated surface. This relation,

shown in Fig. 3(c), demonstrates that there is no fundamental

limit on the delay-bandwidth product of a matched surface.

Our approach thus allows to design a metasurface with an

arbitrarily large delay-bandwidth product. In contrast with

most other metamaterials, we can also choose the bandwidth

at the design stage. The bandwidth is not fundamentally lim-

ited by the resonant response. A surface with 4 resonances,

e.g., outperforms traditional metamaterial slow-light imple-

mentations by an order of magnitude and approaches the

delay-bandwidth products of atomic vapors.28–33

FIG. 3. (a) The impulse response of the sheet conductivities (A¼ 0.9) of the

approximated sheets, incorporating 1, 2, or 3 Lorentzian resonances. (b) The

numerically calculated cross-correlation between the pulse transmitted

through the approximated sheet and the ideal amplitude-shifted (A¼ 0.9)

and phase-shifted pulse as a function of the number of Lorentzian resonan-

ces. This incident wave is a broadband Gaussian pulse (pulse width

Dt ¼ 5=x0). (c) The extracted minimal number of Lorentzians versus delay-

bandwidth product requiring a 95% cross-correlation level between the

pulses transmitted through the ideal and the realistic sheets.

FIG. 4. (a) The numerically retrieved transmission parameters of a metasur-

face in which the macroscopic conductivities of one Lorentzian pair are

implemented with electric and magnetic dipoles with Lorentzian response

(setup shown in (b)). The inset in (a) shows the correlation between incident

and transmitted pulse versus the delay-bandwidth product.
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Subsequently, we have verified these results using finite

element numerical simulations.27 We simulated an implemen-

tation of the desired conductivities approximated by the first

Lorentzian in the electric and in the magnetic response. The

resonance is achieved through electric and magnetic point

dipoles with a microscopic Lorentzian response. This

response can be implemented with lumped elements up to

microwave frequencies, with standard metallic metamaterials

up to infrared frequencies1–4 and with nano circuit elements at

optical frequencies.34,35 The results in Fig. 4 show the numeri-

cally retrieved values of the magnitude of the transmittance

and group delay of this metasurface. We extracted the time-

delay-bandwidth product of these parameters by calculating

the cross-correlation between the incident and transmitted

pulse as a function of the incident pulse bandwidth and found

agreement (DxDsg ¼ 3:0560:06) with the analytical findings

from Fig. 3 (DxDsg ¼ 3:04). The design procedure decouples

the losses, determined by the transmission amplitude A, from

the delay-bandwidth product, determined by the number of

Lorentzian oscillators and their periodicity p=t0 in the fre-

quency domain.

In conclusion, we have demonstrated that thin-sheet

metamaterials allow for broadband phase manipulation. The

phase shift experienced by an incoming pulse passing

through the sheet can become arbitrarily large. Furthermore,

we have shown that the material response to achieve this

functionality can be approximated by a sum of Lorentzian

resonances that can be implemented by meta-atoms. We

studied the dependence of the delay-bandwidth product ver-

sus the number of implemented resonances and found that

our approach dramatically extends the reach of metasurfaces

for the manipulation of electromagnetic signals, introducing

electromagnetic sheets for broadband phase manipulation.

The understanding of metamaterials as a function of multi-

ple Lorentzian resonators may also facilitate the further de-

velopment of nonlinear, tunable, and active

metamaterials.36–38 Our methods can be further used to

achieve other optical functions with subwavelength metama-

terial structures based on a finite number of superimposed

Lorentzian meta-atoms.
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