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Air Bubblesin Water: A Strongly Multiple Scattering M edium for Acoustic Waves
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Using a newly developedmultiple scatteringscheme,we calculateband structureand transmission
propertiesfor acousticwaves propagatingn bubbly water We prove that the multiple scatteringeffects
areresponsibldor the creationof wide gapsin the transmissiorevenin the presencef strongpositional

and size disorder

PACS numbers:62.60+v, 43.20+¢, 43.35+d, 43.40+s

In this paperwe presentresultsobtainedby employing
a novel method[1] which fully incorporateghe multiple
scatteringeffects,andis applicableto acoustiovave propa-
gation in media consistingof nonoverlapping spherical
scatterersembeddedn a fluid. The method, basedon
the well known (to solid statephysicists)Korringa-Kohn-
Rostoler (KKR) approach?2,3], is capableof calculating
(a) the soundtransmissiorthrougha finite clusterof regu-
larly or irregularly placedscatterergup to a few hundred
of them),and(b) the bandstructureqi.e., the w vsk re-
lation) for aninfinite periodiclattice of scatterers.

Acoustic and elasticwaves in complex mediahave at-
tractedrecentlya wider interest[4—16] becausef (a) the
so-calledphononicbandgap crystals(i.e., periodic struc-
turesexhibiting gapsin their acousticspectrajand(b) the
opportunitythey offer to studyunderdiverseandcontrolled
conditionsthe major problemof wave localizationarising
asa resultof multiple scattering.The latteris expectedto
be importantin bubbly liquids, becausehe single bubble
is a strongsoundscatteremexhibiting a huges-wave reso-
nance,the so-calledMinnaert resonanceat a frequeny
w, suchthat w,ry/c; = \/3pi/po; rs is the bubble ra-
dius,c;, p; andc,, p, arethe soundvelocity andthe den-
sity of the gasinside and the liquid outsidethe bubble,
respectiely [17].

Besidesthe resonancethe isotropic scatteringcreates
an almostuniform andlarge backgroundn the scattering
crosssection, o (o/mr? = 4 for 0.05 < wry/c, < 1),
interruptedby some very sharp higher frequeng reso-
nances(the first two at wr,/c, = 0.48 and wr,/c, =
0.77). As hasbeenpointedout [10,13] sucha frequeny
dependencef the single scatterercrosssectionprovides
ideal conditionsfor the appearancef wide spectral(den-
sity of statesor propagationgapsin a multiple scattering
ernvironment, becausein the frequeng region between
resonancesieitherthe host material allows propagation,
nor coherenthopping to neighboringscattererautilizing
the resonancesantake place. Notice that the meanfree
path,l, at theresonanceasobtainedrom theapproximate
formula/ = 1/no (wheren is the averageconcentration
of thebubbles) equalsto the averagenearesheighbordis-
tancealreadyat an air volumefraction, f, of the orderof
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0.0002.This meanghatmultiple scatteringeffectsareim-
portantevenfor f aslow as 0.0002.Thus,acousticwaves
in bubbly liquids (especiallywater), in additionto being
very importantper se [17], provide an almostideal case
for examining in detail the localization question. Up to
now the extensvie studiesof bubbly water(or otherbubbly
liquids) have beenanalyzedin the framevork of single
scattering[17]. Only recently Ruffa [18], emplojing a
finite elementanalysis hascalculatedamongotherquan-
tities the low frequeny dependencgfor w < w,) of
soundvelocity alongthe [100] directionof aninfinite pe-
riodic simple cubic arrangemenof bubblesin water;also
Kushwahaet al. [19], employing the planewave method
[20], andassumingagainaninfinite mediumwith periodic
placemenbf the bubbles(in fcc, bece,andsclattices),cal-
culatedthe w vsk relationfor thefirst thirty lowestbands.
We appliedfirst our multiple scatteringmethodto sound
waves in infinite periodic bubbly waterin orderto check
ourresultsagainsthoseof Refs.[18] and[19]. In Fig. 1(a)
we shaw the first nine bandsfor a simple cubic arrange-
mentof bubbleswith volumefractionf = 0.1. Thelowest
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FIG.1. (a): Dispersionrelationalongthe MXTR directions

for a sc periodic compositeconsistingof air bubbles(of radius
rs) in water o is the frequeny and ¢, is the wave velocity

in the water Air volumefraction f = 10%. (b): Generalized
transmissioncoeficient through a finite cluster consisting of

147 air bubblesin waterin orderedsolid line) or random(dotted
line) arrangemerndndvolumefraction f = 10%. (c): Thesame
asin panel(b) but with the multiple scatteringswitchedoff.
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bandis essentiallyconfinedbetweenw = 0 andw = w,. 05— .

The next three very flat and degeneratelooking bands ' ;?CCC

[19] at wry/c, = 0.48 arisefrom the p-type sharpscat- 04t _CPA

tering resonancegwhich can be viewed as approximate 05 = sc (water in air)
single bubble eigenmodes)hrougha tight-binding proce- 03¢ @ fec (water in air) |
dure [3]. The flatnessof thesebandsis dueto the fact o 0.0

that theseapproximateeigenmodesare confined mainly I B g = = = """
inside the bubble with a minute escapeto the surround-

ing liquid. This is reflectedin the very small width of 01t :
the singlebubbleresonancéndicatingextremelyweakra- Tk J
diation. The next five [19] bandsat wr,/c, = 0.77 arise 00 \.“‘——-.——-0-——-0-—0——-00-—99 —————— ’

from the d-type approximateeigenmodesand their flat-

nessis dueagainto the minuteescapeof thefield outside
eachbubble and the subsequentery weak coupling be-
tweenneighboringbubbles. Our resultsin Fig. 1(a) are
in agreementvith thoseof Ref. [19] andthey verify the
impressve featurethat the bubbly waterwith f = 0.1 is

essentiallyimpenetrableto soundwaves of frequeny w

in therangew, < w < 60w, (with the exceptionof very
narrav passingands).Fromthelowestband(of v < w,)

one can easily obtain both the phasevelocity, ¢ = w/k,

andthegroupvelocity, c, = dw /dk. It shouldbe pointed
out that the long wavelengthsoundvelocity can be ob-
tainedvery easilyandaccuratelyby employing meanfield

theoriesmorespecifcally the so-calledcoherenpotential
approximation(CPA) [14,21]. The CPA replacesthe ac-
tual randombubbly waterby a uniform effective medium
characterizedy bulk modulusB, anddensityp,. sothat
¢ = /B./p.. Theseeffective parametersre obtainedby
settingequalto zerotheaveragescatteringcrosssectionre-
sultingfrom thelocal replacemenof the effective medium
by actual configurations of the inhomogeneousystem.
The long wavelengthlimit of B, coincideswith the well-

known Woodslaw [14], B;! = fB;' + (1 — f)B;' (B;

and B, arethe bulk moduli of the bubblesandthe fluid,

respectiely). Thelong wavelengthlimit of p, depend®n
which local actualconfigurationswe use. We found that
it is imperatve to respecthetopologyandconsideranair
bubble surroundedy a shell of watet i.e., to emplgy the
so-called“coatedCPA” [14,21], which led to the follow-

ing expressiorforthep.: p. = pol f(pi — po) + 2p;i +

pol/[2f(po — pi) + 2pi + p,]. Thus,the coatedCPA

gave c = 468, 43, and35 m/s for the SilbermanandHall

valuesof f =584 X 1074, f = 0.1, and f = 0.2, re-
spectvely [18]. This dramatic slowdown of the sound
propagationin bubbly water is due to the fact that the
restoringpressurés mainly determinecy the bulk modu-
lus of air, while theinertiais determinednainly by theden-
sity of water as shavn from theabove formulasfor B, and
pe. In Fig. 2 we plot our resultsfor ¢ vs f which arein

agreementvith eachotherandwith the experimentaland
computationatlatapresentedn Ref. [18], thusreinforcing
confdencein our multiple scatteringapproach.The van-
ishing of the groupvelocity, dw /dk, for o = w, canbe
attributedto the strongresonanceit w = w, andthere-
latedlong trappingof the wave aroundeachbubble.
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FIG. 2. Long wavelengthsoundvelocity, ¢, for a systemcon-
sisting of air bubblesin waterasa function of the bubblesvol-

ume fraction. The opaquecircles shov the phasevelocity for

a sc lattice and the opencircles for a fcc lattice. The dashed
line shaws a corresponding coatedCPA” resultfor a random
system. The insetgraphis an enlagementof the low volume
fraction regime. ¢, is the wave velocity in the water For com-
parison,the soundspeedin air containingsuspendedirops of

wateris shavn (squares).

We turn now to novel results made possibleby our
methodwhichtakesfully into accounthe multiple scatter-
ing effectsin a finite clusterof nonoverlappingspherical
bubbles.

We have consideredfirst a finite clusterof 7 X 7 X
3 = 147 periodicallyplaced(in sclattice)air bubblesem-
beddedn aninfinite massof water A point sourceemit-
ting a sphericalwave was placedvery closeto the 7 X 7
faceof the cluster The enepy flux vector J, was calcu-
latedbehindtheclusterin thefar field regionandalongthe
line perpendiculato the7 X 7 facesandpassinghrough
its center(andthroughthe point source).Assumingatime
dependencef the form ¢~7“?, J is given in termsof the
pressurdield, p(r), by the formula

J = =il p"(Vp)]. )
pw

Following Ref. [22], we define a generalizedransmission
coeficient, T, astheratio J /J, of theenepgy flux with and
without the clusterof air bubbles.

We repeatedthe above calculation by placing the
147 bubblesin a randombut not overlappingway and
within the boundariesof the sameimaginaryrectangular
box asin the caseabore. We allowed alsothe radius of
eachbubbleto be randomrangingfrom 0.75r, to 1.25r;.
In Fig. 1(b) we shawv resultsfor T vs w for the ordered
andthe random(with commonradius)cases.The ordered
results are consistentwith the band structure since the
T = 0 frequeng regions practically coincide with the
gaps. This shaws that threefinite size layersof bubbles
approximateacceptablythe infinite periodic system.Dis-
orderingthe position of the bubblesdoesnot changethe
results appreciably shaving that a relatively thin wall
of randomly placedbubbleswith f = 0.1 is enoughto
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inhibit soundpropagatiorexceptat low frequenciegw =<
w,) and possibly at very narrov windows at wry/c, =
0.48, 0.77,etc. In the panelof Fig. 1(c) we recalculated
thetransmissiorf’ ngglectingaltogethetthe multiple scat-
tering effects. The differencefrom panell(b) is dramatic
bothin sizeandin the width aroundthe main resonance.
This proves how important the interferenceof multiple
scatteredvaves is.

The mostsignificantand novel resultswe obtainedare
shavnin thepanelof Fig. 3(b) correspondingo f = 0.01.
We seeagainin this casea narrav acoustidbandextending
alittle beyondthefrequeng of thestrongresonancevhich
gives rise to the maximumtransmissionThena wide gap
follows [Fig. 3(a)] which corresponds$o T = 0 transmis-
sionfor boththe orderedanddisorderedccaseqFig. 3(b)].
It is impressve thatthis gapsurvives almostintactthe po-
sitionaldisorder When,in addition,we allowedtheradius
of eachbubbleto vary randomlybetween0.75to 1.25 of
rs the gapstill survived althoughit was reducedby about
20% mostly from the upperside[seeFig. 3(b)]. Notethat
this gapis dueentirelyto multiple scatteringsinceit disap-
pearswhenmultiple scatterings switchedoff [Fig. 3(c)].
Above the gap,a compl wide bandappearsdominated
by brancheswith an o /k slopecloseto ¢,; this shavs
thatthe propagatiorfor wr;/c, = 0.2 takesplacemostly
throughthewaterwith theair bubblesplayingalessimpor-
tantrole exceptthatof superimposingwith very weakhy-
bridization)very flat bandsatthe frequencieof the higher
resonances.

In the caseof 1% volume fraction thereare noticeable
differencesn thetransmissiorthroughthe orderedandthe
disorderedclusters: Thereis higher transmissionn the
disorderectasethanin the orderedone(i) attheupperpart
of the gapdue probablyto a tail of localizedeigenstates,
and (i) aroundBraggpoints,wherethe disordertendsto
diminish destructve interference.In the restof the spec-
trum the disorderdecreasethe transmissiorasexpected.

In thepresentreatmentve have omittedsurfacetension,
thermalandviscousabsorptionandthe nonlineareffects.
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FIG. 3. The sameasin Fig. 1, but with air volume fraction
f = 1%, and with both positional (P) and bubble radius (R)
disorder(dottedline) in panels(b) and (c).
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Surfacetensionbecomesmportantonly for very smallsize
bubbles(r; < 0.1 mm); thermal and viscousabsorption
are importantfor small bubblesbut tend to becomein-
significantfor largerbubbles(r; = 1 em)[17]. In ary case
theseeffectscanbeeasilyincorporatedvithin our multiple
scatteringscheme. Nonlinear effects on the other hand
posesevere difficulties, however, they arelessimportant
in a multiple bubblesystemthanin a singlebubble[18].

In conclusion, by applying our multiple scattering
schemewe were ableto obtain,amongotherresults,the
soundtransmissionthrough a cloud of randomly placed
and of random size sphericalbubblesin liquids. The
spectralgapsare entirely due to multiple scatteringand
surprisingly survive in the presenceof disorder These
results,besidegheir relevanceto the wateracousticcom-
munity, have wider interestdueto their direct connection
to the fundamentaproblemof Andersonlocalization.
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