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Air Bubbles in Water: A Strongly Multiple Scattering Medium for Acoustic Waves
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Using
�

a newly developedmultiple scatteringscheme,we calculatebandstructureand transmission
properties� for acousticwaves propagatingin bubbly water. We prove that the multiple scatteringeffects
are� responsiblefor thecreationof wide gapsin thetransmissionevenin thepresenceof strongpositional
and� size disorder.

PACS numbers:62.60.+v, 43.20.+g, 43.35.+d, 43.40.+s

In this paperwe presentresultsobtainedby employing
a	 novel method[1] which fully incorporatesthe multiple
scatteringeffects,andis applicableto acousticwavepropa-
gation� in media consistingof nonoverlapping spherical
scatterersembeddedin a fluid. The method,basedon
the
�

well known (to solid statephysicists)Korringa-Kohn-
Rostoker (KKR) approach[2,3], is capableof calculating
(a)
�

thesoundtransmissionthrougha finite clusterof regu-
larly
�

or irr
�

egularly placed� scatterers(up to a few hundred
of� them),and(b) the bandstructures(i.e., the � vs� � re-
lation) for an infinite periodiclatticeof scatterers.

Acoustic
!

andelasticwaves in complex mediahave at-
tracted
�

recentlya wider interest[4–16] becauseof (a) the
so-calledphononicbandgapcrystals(i.e., periodicstruc-
tures
�

exhibiting gapsin their acousticspectra)and(b) the
opportunity� they offer to studyunderdiverseandcontrolled
conditions" themajorproblemof wave localizationarising
as	 a resultof multiple scattering.The latter is expectedto
be
#

importantin bubbly liquids, becausethe singlebubble
is
$

a strongsoundscattererexhibiting a huge % -wave reso-
nance,the so-calledMinnaert resonance,at a frequency&(' such that )(*,+.-0/21436587 9;:6<>=@?6A ; B.C is the bubble ra-
dius,
D EGF

, H6I and	 JGK , LNM are	 thesoundvelocity andtheden-
sity of the gas inside and the liquid outsidethe bubble,
respectiO vely [17].

Besidesthe resonance,the isotropic scatteringcreates
an	 almostuniform andlarge backgroundin the scattering
cross" section, P (

�0QSR,TVU.WXZY\[
for ]_^ ],`badcZe.f0g2h4ikjml ),�

interrupted
$

by some very sharp higher frequency reso-
nances(the first two at nko.prqtsGuwvyx_z {}| and	 ~Z�.�r�2�4�Z��}� �,�

).
�

As hasbeenpointedout [10,13] sucha frequency
dependence
D

of the single scatterercrosssectionprovides
ideal conditionsfor theappearanceof wide spectral(den-
sity of statesor propagation)gapsin a multiple scattering
en� vironment, becausein the frequency region between
resonancesO neither the host material allows propagation,
nor coherenthopping to neighboringscatterersutilizing
the
�

resonancescantake place. Notice that the meanfree
path,� � , at theresonance,asobtainedfrom theapproximate
formula ���d�,����� (where

� �
is the averageconcentration

of� thebubbles),equalsto theaveragenearestneighbordis-
tance
�

alreadyat an air volumefraction, � , of the orderof

0.0002.
�

Thismeansthatmultiple scatteringeffectsareim-
portant� evenfor � as	 low as 0.0002.Thus,acousticwaves
in
$

bubbly liquids (especiallywater), in addition to being
v� ery importantper� se [17], provide an almostideal case
for
�

examining in detail the localizationquestion. Up to
now theextensivestudiesof bubblywater(or otherbubbly
liquids)
�

have beenanalyzedin the framework of single
scattering[17]. Only recently Ruffa [18], employing a
f
�
inite elementanalysis,hascalculatedamongotherquan-

tities
�

the low frequency dependence(for �d���(� ) o
�

f
soundvelocity alongthe [100] directionof an infinite pe-
riodic simplecubicarrangementof bubblesin water;also
K
�

ushwahaet� al. [19], employing the planewave method
[20], andassumingagainaninfinite mediumwith periodic
placement� of thebubbles(in fcc, bcc,andsc lattices),cal-
culated" the � vs� � relationfor thefirst thirty lowestbands.

W
¡

eappliedfirst ourmultiplescatteringmethodto sound
w¢ aves in infinite periodicbubbly water in order to check
our� resultsagainstthoseof Refs.[18] and[19]. In Fig. 1(a)
we¢ show the first nine bandsfor a simplecubic arrange-
mentof bubbleswith volumefraction £¥¤y¦}§©¨ . Thelowest
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FIG. 1. (a): Dispersionrelation along the MX ® R� directions
for a sc periodiccompositeconsistingof air bubbles(of radius¯±° )² in water. ³ is the frequency and ´@µ is the wave velocity
in the water. Air volumefraction ¶¸·º¹¼»¾½ .¿ (b): Generalized
transmissioncoefficient through a finite cluster consistingof
147 air bubblesin waterin ordered(solid line) or random(dotted
line) arrangementandvolumefractionÀÂÁºÃ¼ÄGÅ .¿ (c): Thesame
asin panel(b) but with the multiple scatteringswitchedoff.
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band
#

is essentiallyconfinedbetweenÊdËyÌ and	 ÍÏÎ�Ð(Ñ .
The next three very flat and degeneratelooking bands
[19] at ÒkÓ.Ô0Õ2Ö4×kØ8Ù}Ú Û}Ü arise	 from the Ý -type sharpscat-
tering
�

resonance(which can be viewed as approximate
singlebubbleeigenmodes)througha tight-bindingproce-
dure
D

[3]. The flatnessof thesebandsis due to the fact
that
�

theseapproximateeigenmodesare confined mainly
inside
$

the bubble with a minute escapeto the surround-
ing liquid. This is reflectedin the very small width of
the
�

singlebubbleresonanceindicatingextremelyweakra-
diation.
D

The next five [19] bandsat Þkß.à0á2â4ãkä8å}æ ç2ç arise	
from
�

the è -type approximateeigenmodesand their flat-
nessis dueagainto theminuteescapeof the field outside
each� bubble and the subsequentvery weak coupling be-
tween
�

neighboringbubbles. Our resultsin Fig. 1(a) are
in
$

agreementwith thoseof Ref. [19] and they verify the
impressive featurethat the bubbly waterwith éëêyì}íïî is
essentially� impenetrableto soundwaves of frequency ð
in
$

therangeñ(òZódôdó\õ,öø÷úù (with
�

theexceptionof very
narrow passingbands).Fromthelowestband(of ûÏü�ûúý )�
one� can easily obtain both the phasevelocity, þ ÿ ����� ,
and	 thegroupvelocity, ���
	���
������ . It shouldbepointed
out� that the long wavelengthsoundvelocity can be ob-
tained
�

very easilyandaccuratelyby employing meanfield
theories,
�

morespecifically theso-calledcoherentpotential
approximation	 (CPA) [14,21]. The CPA replacesthe ac-
tual
�

randombubbly waterby a uniform effective medium
characterized" by bulk modulus��� and	 density ��� so that����� �� "!�#%$ . Theseeffective parametersareobtainedby
settingequalto zerotheaveragescatteringcrosssectionre-
sultingfrom thelocal replacementof theeffectivemedium
by
#

actual configurationsof the inhomogeneoussystem.
The
&

long wavelengthlimit of '�( coincides" with the well-
known Wood’s law [14], )+*-,.0/214365-78:92;=<
>@?BA=C6DFEG (

�IH�J
and	 K�L are	 the bulk moduli of the bubblesand the fluid,
respectively). Thelongwavelengthlimit of M�N depends

D
on

which¢ local actualconfigurationswe use. We found that
it is imperative to respectthetopologyandconsideranair
b
#
ubblesurroundedby a shell of water, i.e., to employ the

so-called“coated" CPA” [14,21], which led to the follow-
ing
$

expressionfor the O%P : Q%RTS�U%VXW"Y[Z]\�^+_a`%bdc�egfih%j+kl%mdnpoXqsrXt�uwv�x
y@z%{]|�}@~i���6�@�%�d� . Thus, the coatedCPA
ga� ve �������F� , �X� , and ��� m��� s for theSilbermanandHall
v� aluesof �a�2�F�w�d�����d�F�X� ,  a¡2¢F£w¤ , and ¥a¦2§F¨ © , re-
spectively [18]. This dramaticslowdown of the sound
propagation� in bubbly water is due to the fact that the
restoringO pressureis mainly determinedby thebulk modu-
lusof air, while theinertiais determinedmainlyby theden-
sity of water, asshown from theaboveformulasfor ª�« and	¬%­ . In Fig. 2 we plot our resultsfor ® vs�°¯ which¢ are in
agreement	 with eachotherandwith the experimentaland
computational" datapresentedin Ref. [18], thusreinforcing
conf" idencein our multiple scatteringapproach.The van-
ishing of the groupvelocity, ±[²�³�´¶µ , for ·¹¸»º+¼ can" be
attrib	 utedto the strongresonanceat ½»¾À¿+Á and	 the re-
latedlong trappingof thewave aroundeachbubble.
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FIG. 2. Long wavelengthsoundvelocity, Æ ,Ç for a systemcon-
sistingof air bubblesin waterasa function of the bubblesvol-
ume fraction. The opaquecircles show the phasevelocity for
a sc lattice and the opencircles for a fcc lattice. The dashed
line shows a corresponding“coatedÈ CPA” result for a random
system. The inset graphis an enlargementof the low volume
fraction regime. ÉdÊ is the wave velocity in the water. For com-
parison,the soundspeedin air containingsuspendeddropsof
water is shown (squares).

W
¡

e turn now to novel results made possibleby our
method� which takesfully into accountthemultiplescatter-
ing
$

effects in a finite clusterof nonoverlappingspherical
b
#
ubbles.
W
¡

e have consideredfirst a finite cluster of ËÍÌ@ÎÍÏÐÒÑ»ÓdÔ�Õ
periodically� placed(in sclattice)air bubblesem-

bedded
#

in an infinite massof water. A point sourceemit-
ting
�

a sphericalwave was placedvery closeto the ÖÍ×@Ø
f
�
aceof the cluster. The energy flux vector, Ù , wascalcu-

latedbehindtheclusterin thefar field regionandalongthe
line perpendicularto the ÚÍÛ@Ü facesandpassingthrough
its
$

center(andthroughthepoint source).Assuminga time
dependence
D

of the form ÝßÞFàâá¶ã , ä is given in termsof the
pressure� field, å6æsçiè , by the formula

éëêíì îïið+ñ Im òôóöõø÷]ù%ú[ûIüBý (1)
�

Following Ref. [22], we define a generalizedtransmission
coef" ficient, þ , as theratio ÿ������ of� theenergy flux with and
without¢ the clusterof air bubbles.

W
¡

e repeatedthe above calculation by placing the
147 bubbles in a random but not overlapping way and
within¢ the boundariesof the sameimaginaryrectangular
box
#

as in the caseabove. We allowed also the radiusof
each� bubbleto be randomrangingfrom ��� 	�
���
 to

����� �������
.

In Fig. 1(b) we show resultsfor � vs��� for the ordered
and	 therandom(with commonradius)cases.Theordered
resultsO are consistentwith the band structuresince the��� �

frequency regions practically coincide with the
gaps.� This shows that threefinite size layersof bubbles
approximate	 acceptablythe infinite periodicsystem.Dis-
ordering� the position of the bubblesdoesnot changethe
resultsO appreciablyshowing that a relatively thin wall
of� randomly placedbubbleswith !#" $�%'& is enoughto
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inhibit
$

soundpropagationexceptat low frequencies( (*)
(,+ )� and possiblyat very narrow windows at -/.�02143�5/67�8 9�:

, 0.77, etc. In the panelof Fig. 1(c) we recalculated
the
�

transmission; neglectingaltogetherthemultiple scat-
tering
�

effects. The differencefrom panel1(b) is dramatic
both
#

in sizeandin the width aroundthe main resonance.
This
&

proves how important the interferenceof multiple
scatteredwaves is.

The mostsignificant andnovel resultswe obtainedare
shown in thepanelof Fig. 3(b) correspondingto <�=?>�@ >�A .
W
¡

eseeagainin thiscaseanarrow acousticbandextending
a	 little beyondthefrequency of thestrongresonancewhich
gi� ves rise to themaximumtransmission.Thena wide gap
follows [Fig. 3(a)] which correspondsto B�C D transmis-

�
sionfor boththeorderedanddisorderedcases[Fig. 3(b)].
It is impressive that this gapsurvives almostintact thepo-
sitionaldisorder. When,in addition,weallowedtheradius
of� eachbubbleto vary randomlybetween0.75 to 1.25ofE�F the
�

gapstill survived althoughit was reducedby aboutG�H�I
mostlyfrom theupperside[seeFig. 3(b)]. Notethat

this
�

gapisdueentirelyto multiplescatteringsinceit disap-
pears� whenmultiple scatteringis switchedoff [Fig. 3(c)].
Abo
!

ve the gap,a complex wide bandappearsdominated
by
#

brancheswith an JLKNM slopeclose to OQP ; this shows
that
�

thepropagationfor R/S�T2U4V�W/X Y�Z [ tak
�

esplacemostly
through
�

thewaterwith theair bubblesplayingalessimpor-
tant
�

roleexceptthatof superimposing(with veryweakhy-
bridization)
#

very flat bandsat thefrequenciesof thehigher
resonances.

In
\

the caseof ]�^ v� olumefraction therearenoticeable
dif
D

ferencesin thetransmissionthroughtheorderedandthe
disordered
D

clusters: Thereis higher transmissionin the
disordered
D

casethanin theorderedone(i) at theupperpart
of� the gapdueprobablyto a tail of localizedeigenstates,
and	 (ii) aroundBraggpoints,wherethe disordertendsto
diminish
D

destructive interference.In the restof the spec-
trum
�

thedisorderdecreasesthe transmissionasexpected.
In thepresenttreatmentwehaveomittedsurfacetension,

thermal
�

andviscousabsorption,andthenonlineareffects.
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FIG. 3. The sameas in Fig. 1, but with air volume fraction_a`cbed
,Ç and with both positional (P) and bubble radius (R)

disorder(dottedline) in panels(b) and(c).

Surf
f

acetensionbecomesimportantonly for verysmallsize
b
#
ubbles( g�hji k�lnm mm); thermal and viscousabsorption

are	 important for small bubblesbut tend to becomein-
significantfor largerbubbles( o�pjqsr cm)" [17]. In any case
these
�

effectscanbeeasilyincorporatedwithin ourmultiple
scatteringscheme. Nonlinear effects on the other hand
pose� severe difficulties, however, they are lessimportant
in
$

a multiple bubblesystemthanin a singlebubble[18].
In conclusion, by applying our multiple scattering

schemewe wereable to obtain,amongother results,the
soundtransmissionthrougha cloud of randomlyplaced
and	 of random size sphericalbubbles in liquids. The
spectralgapsare entirely due to multiple scatteringand
surprisingly survive in the presenceof disorder. These
results,O besidestheir relevanceto the wateracousticcom-
munity, have wider interestdueto their direct connection
to
�

the fundamentalproblemof Andersonlocalization.
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