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Outline

® Bose-Hubbard model

» Single particle in a lattice
» Two-particle states in a lattice: dimers
» Three-particle states in a lattice: trimers

# Many-body physics of tightly-bound dimers

o Effective Hamiltonian
o Repulsively bound dimers: droplets (FM)

» Attractively bound dimers: checkerboard crystal (AFM)
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Bose-Hubbard Hamiltonian

Neutral bosons in tight-binding periodic potential

(4,1)

H=> ¢;n;— JZb}bﬁgZﬁj(ﬁj —1)
J J
N

e; (= 0): single-particle energy

bj (b;f.): boson annihilation (creation) operator at site j

n; = bT.bj: number operator _ _ _
J [atoms in deep optical lattice]

J (> 0): inter-site tunneling

U x a: on-site interaction (U > 0 repulsion; U < 0 attraction)

Jaksch et al, Phys. Rev. Lett. 81, 3108 (1998) TU Wien, 22/06/10 — p. 3/24



Single particle in a lattice (1D)

State vector i= j j+
) = 225 U(x;) z5) s % =d]
Difference equation

—J[(xj 1) +O(zj41)] = ED ¢(z;)
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Single particle in a lattice (1D)

NS
State vector I~ .J I
9) = X5 (e) |es) U N the
Difference equation
—J[Y(aj—1) + ¢(xj41)] = EW p(ay)

Bloch band

Solution

Ye(Tj) = e 1%
Dispersion relation
E(l) —2J cos(qd)

-1 R 0 o5 1
gd/mt
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State vector ) J
W) =255 (g, u50) |zj, y50) | x =d] y=dj

Recurrence relation
—J W (21, y5) + VU (xj11,y50) + V(s y5—1) + U(z5, 95 41)]
+U6;;V (x5, y;) = E@ (xj,y;)

Valiente, Petrosyan, J. Phys. B 41, 161002 (2008) TU Wien, 22/06/10 — p. 5/24



J J J J
AN AN AU NN
U U
W) =255 (g, u50) |zj, y50) | x =d] y=dj

Recurrence relation
—J[U(zj—1,y5) + O(@j1,y50) + U(z5,y5-1) + (2, yjr11)]
+U6;;V (x5, y;) = E@ (xj,y;)

R = 5 (x + y) center of mass & r = x — y relative coordinates =

N

Two-particle wavefunction (with K center-of-mass quasimomentum)
U(z,y) = e g (r)
Recurrence relation (with Jx = 2J cos(Kd/2) and r; = di (i = j — j))

—Jk [k (rio1) + Y (rig1)] + Ubrotbrc (ri) = B2 ke ()

Valiente, Petrosyan, J. Phys. B 41, 161002 (2008) TU Wien, 22/06/10 — p. 5/24



Solution: Scattering states

Relative coordinate wavefunction
Vi, k(ri) = cos(k|ri| 4+ 0x k)

with i j scattering phase shift

U csc(kd
tan(dx k) = T4 cos(§<d32)

TU Wien, 22/06/10 — p. 6/24



Solution: Scattering states

Relative coordinate wavefunction
Vi, k(ri) = cos(k|ri| 4+ 0x k)

with i j scattering phase shift

U csc(kd
tan(dx k) = T4 cos(§<d32)

Generalized 1D scattering lengths

_ . 85K,k} . 2JK
A = — hmo o = F5Ad
s

kd—
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Solution: Scattering states

Relative coordinate wavefunction
Vi k(r;) = cos(k|r;| + 0k k)

with i j scattering phase shift

__ Ucsc(kd)
4J cos(Kd/2)

tan(&K,k) =

Generalized 1D scattering lengths

arg = — lim 8%12”“ — ZF% d
kd—Y
8 . , ,
Spectrum of scattering states 6 | ]
4
Eg’)k = —4.J cos(Kd/2) cos(kd) >
520
Density of states <2
-4
1
p(E’ K) X \/[4J cos(Kd/2)]2—E?2 6T ]
_8 1 | |
1 -0.5 0.5 1

0 Kd/m
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Solution: Interaction-bound states

Repulsive interaction U > 0

—~ K=0
Eos| 1
Relative coordinate wavefunction < ---III--_ |
05l
= i 2
U i
@DK(ri):z\L/ugiHG/{K_vu%{"'l) 8 —
K 6 | ER U=5] |
withitdy =U/(2JK) & Jgk = 2J cos(Kd/2) .
~ 2
Dimer dispersion relation %o
-2
EE =\/U%2+4J% = y
B o BR U=-5J ]
E — — -8 : ' . '
® Lrya Ul=U 1 05 0 Kajm 05 1
¢ E(j)B — \/U2 + 16.J2 = Y K=o] [~ IIKITr/Qd [T Ier/d
=05 11 11 ]
= 0__IIIII__ __=18R.__/ R
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Solution: Interaction-bound states

Attractive interaction U < 0

Relative coordinate wavefunction S o)

K
Vi (ri) = Z\L/% (\/U% +1-— |UK|>

with Uy = (U/2Jk) & Jg = 2J cos(Kd/2)

Dimer dispersion relation

Ef =—/U?+4J% =

B /]

o BB = /U2 1+ 16J2

TU Wien, 22/06/10 — p. 7/24



Solution: Interaction-bound states

Strong interaction |U| > J

Relative coordinate wavefunction

U2_J%< _ Ik |Z| —
U2+J3% U

Vi (1) =~

localization length ¢ < [21In(U/2J)] !

(<1lforU/J > 2\/e =
Tightly-bound dimer

Dimer dispersion relation
EB ~ (U —2J) —2J cos(Kd)

with (U — 2J) dimer “internal” energy
J] = —2J2/U effective tunneling rate

B /]

2 4 -4 -2 0 2 4 -4 -2
|

0 2 4
|
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Solution: Interaction-bound states

Strong interaction |U| > J

Relative coordinate wavefunction

U2_J%< _ Ik |Z| —
U2+J3% U

Y

Ve (74)

localization length ¢ < [21In(U/2J)] !

(<1lforU/J > 2\/e =
Tightly-bound dimer

Dimer dispersion relation
EB ~ (U —2J) —2J cos(Kd)

with (U — 2J) dimer “internal” energy
J] = —2J2/U effective tunneling rate

Effective dimer Hamiltonian

Heg = (U —2J) ) 1y —J

J

[EEN

i)

(r
o
(6)]

VK

I
o
ol

EQ/J
® ® A N O N N O ©

0 2 4
|

-4 -2 0 2 4

-4 2 0 2 4 -4 -2 0

> (clejia+clye))
j

2 4

-4 2 0 2 4
|
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Repulsively bound atom pair: Experiment

Single dimer

Normalized pair number

0 20 40 60 80
Hold time (ms)

Winkler et al, Nature 441, 853 (2006)

TU Wien, 22/06/10 — p. 8/24



Three particles in Hubbard model (1D)

Complete three-body spectrum [U = —10J]

- -
v

Eo Ees i VAWAVA
—

Ea2

-10 § Ec2 ] . .
- Ea ) o

_20— _

-3 _ Ep | | 5
-1 0

Valiente, Petrosyan, Saenz, Phys. Rev. A 81, 011601(R) (2010)
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Three particles in Hubbard model (1D)

Three-body continuum 107 . | . -
L o o v

Ec3 = e(kl) + G(kQ) + G(K k1 kg) ) oL c ]
e(k) = —2J cos(k) K =ki + ko + k3 L Eaz\—///
—10‘__ Ec2 5

Ea1 1

_20— _

30— B | _'

-1 0 1
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Three particles in Hubbard model (1D)

Three-body continuum
EC3 = E(kl) + G(kg) + E(K — ]Cl — kg)
G(k) = —2J COS(k) K =k1 + ko + k3

Two-body continuum
B = e?(Q) + (K - Q)

e (Q) = sgn(U)/U? + [4J cos(Q/2)]?
~ (U —2J) — 2J cos(Q)

10"

I_>
o 0

_10_

E/J

O K/m
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Three particles in Hubbard model (1D)

Three-body continuum 10F ' | ' -
EC3 = e(kl) + E(kg) + E(K — ]Cl — kg) Q O—\//E:i
G(k) = —-2J COS(k) K =k1 + ko + k3 L N/
] -10c Ec2 7
Two-body continuum - Ea _
Ee = €2(Q) + ¢(K - Q) 20 i
€?(Q) = sgn(U)y/U% + [4J cos(Q/2)]2 -30—= l . .
~ (U —2J) — 2J cos(Q) -1 0 K/t 1
- ——
Weakly-bound (off-site) trimers B
Egi2y = U+ 0(J) 5_10 Ez2
-12
U
Ea1
_1 ‘ |

= VL
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Three particles in Hubbard model (1D)

Three-body continuum 10F ' | ' -
EC3 = E(kl) + G(kg) + G(K — ]Cl — kg) Q O—\//E:i
e(k) = —2J cos(k) K=k +ko+ ks L e
] -10c Ec2 7
Two-body continuum - Ea _
Ee = €2(Q) + ¢(K - Q) 20 i
€?(Q) = sgn(U)y/U% + [4J cos(Q/2)]2 -30——=— l . .
~ (U —2J) — 2J cos(Q) -1 0 K/t 1
-
Weakly-bound (off-site) trimers B
Egi2y = U+ 0(J) 5_10 Ez2
Strongly-bound (on-site) trimer —12M
Eb ~ 33U 1 7 Ea1 | |

= VL

TU Wien, 22/06/10 — p. 9/24



Formalism: Three-body bound states

State vector in momentum representation

1
|¢> — (27‘(’)3/2 ///dikldk2dk3 w(kl,kg,k3) ’kl,kg,k3> kj e )= [—7‘(‘,71']

TU Wien, 22/06/10 — p. 10/24



Formalism: Three-body bound states

State vector in momentum representation

1
|¢> — (27‘(’)3/2 ///dikldk2dk3 w(kl,kg,k3) ‘kl,kg,k3> kj e )= [—7‘(‘,71']

k1 ko k
Hp)=EW) = |k, ko, ks) = — MEDEH (ka) LM (k)

with

M(k)[1 + Ig (k)]

_ U (r M(q)
=% J g e(k)+e(q)+e(K—k—q)—E

_ U e 1
Ip(k) = on J 224 cyre@Te(®=F—a)=F

. sgn[E—e(k)|U
VIE—e(k)]2—16J2 cos2[(K —k) /2]

Mattis, Rev. Mod. Phys. 58, 361 (1986) TU Wien, 22/06/10 - p. 10/24



Formalism: Three-body bound states

State vector in momentum representation

[9) =

H) =E|p) =
with

M(k)[1 + Ig(k)]

w(klv k27 k3) —

_ M(k1)+M(ka)+M(ks3)
e(k1)+e(ks)+e(ks)—FE

M (q)

—-Z [T.dq

Ig(k)=< [T d

e(k)+e(q)+e(K—k—q)—FE

1

— 27

—7M ) Fe(q)Fe(K—k—q)—F
sgn|E—e(k)|]U

 V[E—e(k)]2—16J2 cos2[(K —k)/2]

Mattis, Rev. Mod. Phys. 58, 361 (1986)

0.8

0.6 1
04 r

-1 05 0 05 1-1 -05

0
k. /Tt

05 1-1 -05

0 05 1

1
(2m)3/2 ///dikldkzdkss Yk, ko, k) [k1, ko, ks)  kj € Q= [-m,7]

[vl?

0.8
0.6
0.4
0.2
(0]
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Thresholds & limits of U

Binding energies

05,0 ~ Ea - -
UQT 0 - P10 |
Ec2 E i Ec2 |
S610) = i
-0. o 1' Eal | | '
-60 -50 -40 -30 —28/510 0 1 0 K/t 1

Ep1(K)=F.;1(K)— Ex(K,Q=0)||Ep2(K)=Fun(K)— FEo(K,Q =)
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Thresholds & limits of U

Binding energies

05—&.0 — Es B =
85 S —
L,le 0 > ”—10_ |
Ecz o Eca ,
Fe1(0) & _12M
-0. o 1' Ea | | '
-60 -50 —-40 —30 —28 /510 0 = 0 w1

Ep1(K)=F.;1(K)— Ex(K,Q=0)||Ep2(K)=Fun(K)— FEo(K,Q =)

For|U| <4J = E,1 — E. (Ep1 — 0: Scattering resonance)

TU Wien, 22/06/10 — p. 11/24



Thresholds & limits of U

Binding energies

05,0 ~ Ea 5 =
E .
UQT 0 =) '“—10_ |
Ec: E i Ec2 |
=10 A e
-0. — 1' Ea | | '
~60 -50 —40 -30 —28 /310 0 = 0o w1

Ep1(K)=F.;1(K)— Ex(K,Q=0)||Ep2(K)=Fun(K)— FEo(K,Q =)

For|U| <4J = E,1 — E. (Ep1 — 0: Scattering resonance)

For |U| <85J = FE., € E. (for |U| <8J Exn()E:s #0)
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Thresholds & limits of U

Binding energies

05,0 ~ Ea 5 =
E .
UQT 0 =) '“—10_ |
Ec: E i Ec2 |
=10 A e
-0.5 R 1' Ea | | '
~60 -50 —40 -30 —28 /310 0 = 0o w1

Ep1(K)=F.;1(K)— Ex(K,Q=0)||Ep2(K)=Fun(K)— FEo(K,Q =)

For |U| <4J = E,1 — E. (Ep1 — 0: Scattering resonance)

For |U| <85J = FE., € E. (for |U| <8J Exn()E:s #0)

o lim EBl = —1 ® lim EBQ = i

TU Wien, 22/06/10 — p. 11/24



Effective Hamiltonian for dimer+monomer

Heg = Hi + Hy 4+ Hyy | for |U| > 8J (Eca(\Ees =0)

TU Wien, 22/06/10 — p. 12/24



Effective Hamiltonian for dimer+monomer

Heg = Hi + Hy 4+ Hyy | for |U| > 8J (Eca(\Ees =0)

Monomer (single-particle) Hamiltonian

Hy=—J3% (blbjs1 + bl 1))

TU Wien, 22/06/10 — p. 12/24



Effective Hamiltonian for dimer+monomer

Heg = Hi + Hy 4+ Hyy | for |U| > 8J (Eca(\Ees =0)

Monomer (single-particle) Hamiltonian

Hl =—J Zj(b;r‘bj—i-l + b;r-+1bj)
Dimer (bound pair) Hamiltonian

Hy = (U —2J) Y 1y — J Y (clejn + ¢l yqep)

TU Wien, 22/06/10 — p. 12/24



Effective Hamiltonian for dimer+monomer

Heg = Hi + Hy 4+ Hyy | for |U| > 8J (Eca(\Ees =0)

Monomer (single-particle) Hamiltonian

Hy = —J 3, (bibj1 + b} 1b))

Dimer (bound pair) Hamiltonian

Hy = (U = 2J) 3 1 — J 3 (clhejn + ¢l i¢))

Dimer-monomer interaction
Hing = sz MTlj+1
—W 3 (el blesbyn + bl cjraby)

V = —7J2%/2U: nearest-neighbor interaction
W = 2J:. (particle) exchange interaction

TU Wien, 22/06/10 — p. 12/24



Effective Hamiltonian for dimer+monomer

Monomer (single-particle) Hamiltonian

Heg = Hi + Hy 4+ Hyy | for |U| > 8J (Eca(\Ees =0)

_ T T
Hy = _JZ]' (bjbj+1 + bj—|—1bj) dimer-monomer spectrum
| ' " Exact
. . L e —
Dimer (bound pair) Hamiltonian T
~ ~ D -10
— A T T T
Hy=(U—=2J)Y ;mj—J) ;(cicjt1 +cjqc) W ,
-12
Dimer-monomer interaction _14 | . ,
~ A ]
Hipe = V'Y 1041 R
T T Tt ’ |
-W Zj(cj—l—lbjcjbj+1 +¢;b41¢j4105) 5—10— ]
~ -12
V = —7J2/2U: nearest-neighbor interaction S
. . . Effective
W = 2J:. (particle) exchange interaction —14; 0 K/ﬁ 1

TU Wien, 22/06/10 — p. 12/24



Solution: Bound states ( K = 0, &)

J J J J
State vector PN N N7
. . . . .
W) =25, 45, W0irad2) | o) : S
J1 I2
with
(51, 5o) = eKU1H52)/2e=0kTr g (5.)  (jr = j1 — j2  tan(0x) = tan(%)%)

TU Wien, 22/06/10 — p. 13/24



Solution: Bound states ( K = 0, &)

State vector PN AN N7
U) = Zjl;éjQ W(j1,J2) 71, 2) e
with

\:[j(jl’j2) _ eiK(j1+j2)/26—i5Kjr¢K(jr) (Jr =j1 —jJ2 tan(dg) = tan(%)J;j)

J+J

Recurrence relations for relative coordinate wavefunction (|j,.| > 1)

¢ (0)
Jr[ox (Gr +1) + ox (jr — 1)] + Edk (jr)
Tk o1 (£2) + Wi o (F1) + [E — V]dg (£1)

0
0
0

with Jx = \/J2 +J24+2JJcos(K) Wi =Wecos(K) E=FE— (U—2J)
Jon=JEJ

TU Wien, 22/06/10 — p. 13/24



Solution: Bound states ( K = 0, &)

Exponential ansatz ¢ (j, > 0) oc afr ™"
& o (—jr) = £dx(Jr) (“+" symmetric (triplet); “—" antisymmetric (singlet) solutions)

(£) _ 7 : - T+l

TU Wien, 22/06/10 — p. 14/24



Solution: Bound states ( K = 0, &)

Exponential ansatz ¢ (j, > 0) oc oz~

& ¢ (—7jr) = oK (Jr) (“+7 symmetric (triplet); “—” antisymmetric (singlet) solutions)

(£) _ 7 : - T+l

Bound states (\a%” < 1)

O‘VZFWK‘>jK = “7:F2J|>J:|:j

ForU > J EBl(Q) = Ea1(2) + 2J_K ~ :F% (‘7 < J)

TU Wien, 22/06/10 — p. 14/24



Solution: Bound states ( K = 0, &)

Exponential ansatz ¢ (j, > 0) oc afr ™"
& o (—jr) = £dx(Jr) (“+" symmetric (triplet); “—" antisymmetric (singlet) solutions)

(£) _ JK

~ o B Tr [14(a$F)?]
K VZFWK

mED

with Ea1(2) = —

Bound states (\a%” < 1)

O‘VZFWK‘>jK = |‘~/:F2J|>J:|:j

ForU > J EBl(Q) = Ea1(2) + 2J_K ~ :F% (‘7 < J)

= Exchange interaction W = 2J binds dimer and monomer

TU Wien, 22/06/10 — p. 14/24



Many-body physics

of tightly-bound dimers

TU Wien, 22/06/10 — p. 15/24



Interaction-bound atom pair—Dimer

'"°>2>°>A°>;;@~

~
~

Energies of |2,0) & |0,2) are U P
larger (smaller) than of |1,1) by U o

++10>[15]1(0 -

TU Wien, 22/06/10 — p. 16/24



Interaction-bound atom pair—Dimer

Energies of |2,0) & |0,2) are I
larger (smaller) than of |1,1) by U

++10>[15]1(0 -

For |U|/J > 1= |2,0) — |1,1) is non-resonant

On-site interaction (repulsion U > 0) binds two atoms into a dimer

TU Wien, 22/06/10 — p. 16/24



Interaction-bound atom pair—Dimer

Energies of |2,0) & |0,2) are N
larger (smaller) than of |1,1) by U R

= [00[15[15100 -

For [U|/J > 1= ]2,0) — |1,1) is non-resonant

On-site interaction (repulsion U > 0) binds two atoms into a dimer

But |2,0) — |1.1) — 0, 2) is resonant (second order in J)

Effective tunneling rate for dimer |2,0) — [0,2)is J = —%

Slow dynamics (|.J| < J)

TU Wien, 22/06/10 — p. 16/24



Effective Hamiltonian for dimers (

Define

c; = 1 b
T /2(h 1) T
A f

m; = c;c;

~ 2
T--3

E.

E(n| _Z,nj +2)

E(ni ' nj )

I = N=1D N+L -
- S~ N2 N2
-Jbfh
”””” NNy S~
-Jofh

Adiabatic elimination of nonresonant states |n; = 1) |n; F1) (n; = 2my)

\

Petrosyan, Schmidt, Anglin, Fleischhauer, Phys. Rev. A 76, 033606 (2007)

TU Wien, 22/06/10 — p. 17/24



Effective Hamiltonian for dimers (U] > J)

Effective Hamiltonian for paired bosons in a periodic potential

Heg =2e Y 1y +U Y rinj(2;—1) =T Y el T(mhy, ;) ci+J Y S (g, )
j j (i) (i)

Kinetic Energy 7'y, 1) = 8,/ (2072 + 1) (210 + 1)
203 4217 41 i

Potential Energy S (v, m;) + S(1y,m;) =

1—a(rmy—m;)

Petrosyan, Schmidt, Anglin, Fleischhauer, Phys. Rev. A 76, 033606 (2007) TU Wien, 2210610 — p. 17/24



Effective Hamiltonian for dimers (U] > J)

Effective Hamiltonian for paired bosons in a periodic potential

Heg =2e Y 1y +U Y rinj(2;—1) =T Y el T(mhy, ;) ci+J Y S (g, )
j j (i) (i)

A

Kinetic Energy T (1, ;)

5mimj \/(Q’ﬁ’l,j + 1) (27’77,@' + 1)
203 4217 41 i

Potential Energy S (v, m;) + S(1y,m;) = T ey—

e Nearest-neighbor attraction/repulsion > tunneling

KinEn  3(m +1)(2m + 1)
Pot.En  8(4m?2 4 6m + 3)

< 0.2 (1D)

Petrosyan, Schmidt, Anglin, Fleischhauer, Phys. Rev. A 76, 033606 (2007)

TU Wien, 22/06/10 — p. 17/24



Repulsively-bound dimers ( U > 0)

Nearest-neighbor interaction (potential) energy

- 212 + 217 + 1hy + . 2.J2
. T J=-"-<0
1 —4(rmj — my) U
e For m; = m; — Attraction For m; # m; — Repulsion

= Dimer clustering into “droplets” with uniform filling!

TU Wien, 22/06/10 — p. 18/24



Repulsively-bound dimers ( U > 0)

Nearest-neighbor interaction (potential) energy

- 212 + 217 + 1hy + . 2.J2
. T J=-""-<0
1 —4(rmj — my) U
e For m; = m; — Attraction For m; # m; — Repulsion

= Dimer clustering into “droplets” with uniform filling!

1D Phase Diagram [y — J]

Grand canonical ensemble
H.g with uniform chem. potential

U= —2¢

Exacts diagonalization for 5 sites (0 <m <4) -2 - - - -
0 0.1 0.2 0.3 0.4 0.5

131 /U

Only uniform commensurate filling (incompressible phases)

TU Wien, 22/06/10 — p. 18/24



Single dimers per site ( U = 0)

Effective Hamiltonian (m = 0,1 V j)

HGY = 26+ U —24J])Y iy — T cle; + 47 g
J (7,%) (4,1)
Similar to Extended Hubbard Model (nearest-neighbor interaction)

TU Wien, 22/06/10 — p. 19/24



Single dimers per site ( U = 0)

Effective Hamiltonian (m = 0,1 V j)

He(gfl) [25+U—2dJ Zm]—JZ(:TCZ+4JijmZ
J (4,%) (7,%)
Similar to Extended Hubbard Model (nearest-neighbor interaction)

Equivalent spin- 1 XX Z model Hamiltonian (|0;) — | 1;), 11;) — | ;)

Hx~x7 =2h, Za—lJZ 00 —1—0 —I—JZO'

(7,%) (7,1)

= 1[2¢ + U — 2dJ] + 2d.J - effective “magnetic field”

(0%) = [2(m) — 1] — fixed “magnetization” (averaged)

TU Wien, 22/06/10 — p. 19/24



Single dimers per site ( U = 0)

Effective Hamiltonian (m = 0,1 V j)

He(g:l) [25+U—2dJ Zmﬂ_JZCTCZ+4JZmeZ
J (4,%) (7,%)
Similar to Extended Hubbard Model (nearest-neighbor interaction)

Equivalent spin- 1 XX Z model Hamiltonian (|0;) — | 1;), 11;) — | ;)

Hx~x7 =2h, Za—lJZ 00 —1—0 —|—JZO'

(7,%) (7,1)

= 1[2¢ + U — 2dJ] + 2d.J - effective “magnetic field”

(0%) = [2(m) — 1] — fixed “magnetization” (averaged)

Since i<1:> HXXZngsing 2h., ZO’ +JZ
(7,%)

TU Wien, 22/06/10 — p. 19/24



Droplets in a lattice ( U > 0)

Strong dimer-dimer attraction (87 > J)
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Droplets in a lattice ( U > 0)
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Droplets in a lattice ( U > 0)

Strong dimer-dimer attraction (87 > J)
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Droplets in a lattice ( U > 0)

Strong dimer-dimer attraction (87 > J)
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Droplets in a lattice ( U > 0)

Strong dimer-dimer attraction (87 > J)
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Droplets in a lattice ( U > 0)

Strong dimer-dimer attraction (87 > J)
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Droplets in a lattice ( U > 0)

Strong dimer-dimer attraction (87 > J)
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Droplets in a lattice ( U > 0)

Strong dimer-dimer attraction (87 > J)
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Droplets in a lattice ( U > 0)

Strong dimer-dimer attraction (87 > J)

E/M

oL @®

!
e e

Spin- 2 model ( [0) — | |}, |1) — | 1)) = ferromagnetic spin domain

TU Wien, 22/06/10 — p. 20/24



Attractively-bound dimers ( U < 0)

Effective Hamiltonian (m = 0,1 V j)

HGY = 26+ U —24J])Y iy — T cle; + 47 g
j (i) (i)

Extended Hubbard Model with .J > 0 (nearest-neighbor repulsion)

TU Wien, 22/06/10 — p. 21/24



Attractively-bound dimers ( U < 0)

Effective Hamiltonian (m = 0,1 V j)
Hég’l) =[2e+U - Qdﬂ Zﬁzj — jz c;r-cz- + 4J~ijmi
J (7,2) (7,%)

Extended Hubbard Model with .J > 0 (nearest-neighbor repulsion)

Dimer density in 1D lattice

+ weak harmonic potential |
.2 ~
L— _J
2ej = 300/ o8
0.4

Ground state from DMRG calculation o2

-200 -150 -100 -50 0 50 100 150 200
107 T T T T T T T T T

Ej/j

o o

200 -150 -100 -50 0 50 100 150 200

Schmidt, Bortz, Eggert, Fleischhauer, Petrosyan, Phys. Rev. A 79, 063634 (2009) tu wien, 22106110 - p. 21/24



Attractively-bound dimers ( U < 0)

10

1D Phase Diagram [y — J]

Grand canonical ensemble

H.g¢ with uniform chem. potential %o
Y= —2¢ = | 0 ]
Exacts diagonalization for 10 sites -10 ‘
0 0.1 0.2 0.3 0.4 0.5

J /Ul

TU Wien, 22/06/10 — p. 22/24



Attractively-bound dimers ( U < 0)

10

1D Phase Diagram [y — J]

Grand canonical ensemble

H,g with uniform chem. potential 2o
3
i S m=0
Exacts diagonalization for 10 sites -10 !
0 0.1 0.2 - 0.3 0.4 05
J

1
2
em =0— |0)]0)|0)[0) empty (ferromagnetic) phase
em=1— |1)[1)|1)|1) filled (ferromagnetic) phase

em =< — [0)]|1)|0)|1) “crystal” (anti-ferromagnetic) phase

m =0, m=5,m =1 Incompressible phases:

0<m<i&21<m<1 compressible (supersolid) phases

TU Wien, 22/06/10 — p. 22/24



Attractively-bound dimers ( U < 0)

1D Phase Diagram [y — J]

Grand canonical ensemble
H.g with uniform chem. potential

Y= —2¢

Exacts diagonalization for 10 sites -10
0 0.1 0.2 0.3 0.4 05

J /Ul

Exact Bethe Ansatz solution

/L():U—le /L1:U+16j

pijo— =U+1.6836J  pi/0y = U+ 10.3164J

Yang, Yang, Phys. Rev. 150, 327 (1966) TU Wien, 22/06/10 — p. 22/24



Checkerboard crystal in a lattice ( U < 0)

Strong dimer-dimer repulsion  (8J > J)
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Checkerboard crystal in a lattice ( U < 0)

Strong dimer-dimer repulsion  (8J > J)
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Checkerboard crystal in a lattice ( U < 0)

Strong dimer-dimer repulsion  (8J > J)

E/M

% o® o*

TU Wien, 22/06/10 — p. 23/24



Checkerboard crystal in a lattice ( U < 0)

Strong dimer-dimer repulsion  (8J > J)
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Checkerboard crystal in a lattice ( U < 0)
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Checkerboard crystal in a lattice ( U < 0)

Strong dimer-dimer repulsion  (8J > J)
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E/M

TU Wien, 22/06/10 — p. 23/24



Checkerboard crystal in a lattice ( U < 0)
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Checkerboard crystal in a lattice ( U < 0)

Strong dimer-dimer repulsion  (8J > J)
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Checkerboard crystal in a lattice ( U < 0)

Strong dimer-dimer repulsion  (8J > J)
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Checkerboard crystal in a lattice ( U < 0)

Strong dimer-dimer repulsion  (8J > J)
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Checkerboard crystal in a lattice ( U < 0)

Strong dimer-dimer repulsion  (8J > J)

E/M
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Checkerboard crystal in a lattice ( U < 0)

Strong dimer-dimer repulsion  (8J > J)

E/M

Spin- £ model ( |0) — | |),

1) — | 7)) = anti-ferromagnetic ordering

TU Wien, 22/06/10 — p. 23/24



Summary

# Interaction (attraction or repulsion) can bind particles together in a
lattice

o Strongly interacting pairs of particles form tightly-bound dimers
o Dimer-monomer (particle) exchange interaction can bind them into trimers

# Collection of such dimers in a lattice can realize extended Hubbard
(or spin-% X X Z) model = studies of many-body physics on a lattice

TU Wien, 22/06/10 — p. 24/24



Summary

# Interaction (attraction or repulsion) can bind particles together in a
lattice

o Strongly interacting pairs of particles form tightly-bound dimers
o Dimer-monomer (particle) exchange interaction can bind them into trimers

# Collection of such dimers in a lattice can realize extended Hubbard
(or spin-% X X Z) model = studies of many-body physics on a lattice

Collaborators

Manuel Valiente Bernd Schmidt
James Anglin
IESL — FORTH Michael Fleischhauer

TU Kaiserslautern
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