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Outline

® The Hubbard model for atoms
o Optical dipole potential

» Cold bosonic atoms in a tight-binding periodic potential
o The second quantized Hamiltonian

# Single atom in a lattice
# Bloch band of a homogeneous lattice

o Tilted lattice: Wannier-Stark ladder
# Weak parabolic confinement: Discrete HO

# Two bosonic atoms Iin a lattice
# Scattering states

o Bound states: Effective dimers
o Three-atom states: Bound trimers

# Many body physics of the Hubbard model
o Superfluid and Mott-Insulating phases for bosons
o Metal and Insulating phases for fermions
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The Hubbard model for atoms
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Optical dipole potential

. - - ) x 7777777 .
Atom with |g) < |e) frequency w,, in laser field E = Eye ! | 1A
e)
Dipole coupling —uE' (with 4 el.-dip. matrix element for |g) < |e)) F? IA
A
. . 21.2
= detuning| A =w —w,,| recoil energy | E, = Lk _LE

19)

@)
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Optical dipole potential

. . . : A
Atom with |g) < |e) frequency w,, in laser field E = Eye ! 1A
€)
Dipole coupling —uE' (with 4 el.-dip. matrix element for |g) < |e)) F? IA
A

= detuning A =w— Weg recoill energy Er = h;]\k; =
Al > uEy/h,T' = |g) — |e) non-resonant 19) O
Second-order perturbation theory = ac Stark shift of |g)

. — M N | i i ili _ 3mc? r
Vaip(r) = “55x— = —5a(w)I(r) | with polarizability a(w) = 25~ ——

eg
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Optical dipole potential

. . . : A
Atom with |g) < |e) frequency w,, in laser field E = Eye ! 1A
€)
Dipole coupling —uE' (with 4 el.-dip. matrix element for |g) < |e)) F? IA
A

= detuning A =w— Weg recoill energy Er = h;]\k; =
Al > uEy/h,T' = |g) — |e) non-resonant 19) O
Second-order perturbation theory =- ac Stark shift of |g)

. — M N | I i ili _ 3mc? r
Vaip(r) = “55x— = —5a(w)I(r) | with polarizability a(w) = 25~ ——

eg

e Blue detuned laser A >0 = Vgp(r) > 0: low-field seeking atoms

e Red detuned laser A <0 = Vyip(r) < 0: high-field seeking atoms
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Optical lattice potential

1D Optical lattice
Vor(z) = V) sin2(§a:)
with

Vo=sE, & d=7 [k =kpsin(9)]

x
L

[from: Morsch, Oberthaler, RMP 78, 179 (2006
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Optical lattice potential

2D & 3D Optical lattice
Vor, (r) — Z&:x,y,(Z) VOf Sin2(§€)
with

Vog = SgET
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[from: Bloch, Dalibard, Zwerger, RMP 80, 885 (2008)]

FASTQUAST, 25/09/09 — p. 5/27



Atom In a lattice

Stationary Schrddindeg equation (1D)

2 2
_2%% 4 V()| 9(z) = B(z)  Veu(a) = Veu(z + d) — periodic
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Atom In a lattice

Stationary Schrddindeg equation (1D)

2 2
_2%% 4 V()| 9(z) = B(z)  Veu(a) = Veu(z + d) — periodic

= Bloch theorem : ¢ (z) = ¢, 4(x) are Bloch functions (“‘plane-waves”)

Un.q(T) = € uy ,(z) with E,,energy, q€ [— %, %] quasimomentum
[Un,q(x) = un,q(z + d)]

V,=10E,
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Atom In a lattice

Stationary Schrddindeg equation (1D)

2 2
_;_M% 4 V()| 9(z) = B(z)  Veu(a) = Veu(z + d) — periodic

= Bloch theorem : ¢ (z) = ¢, 4(x) are Bloch functions (“‘plane-waves”)

Un.q(T) = € uy ,(z) with E,,energy, q€ [— %, %] quasimomentum
[Un,q(x) = un,q(z + d)]

V,=10E,
Change of basis (Fourier transform)

Bloch functions (“plane waves”)
¢n7q(g}) — Zg Wn,j (ZC)e’iqdj

Wannier functions (“localized” ~ d¢j = ;)

Wy, ;(x) = wn(x — dj)

[wn(z —x;) = 5= [dge™ "9 ¢n q(z)]
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Atom In a nearly-harmonic potential

Deep OL potential Vo > FE, (s >1) and kg1 < hv (lowestBB n = 1)

2

h2 o, _
eV V(e )| o) = ot

V(r~rj) ~ Aﬂfz(j?—— r;)? with v~ 2\

— Ground state of the harmonic oscillator

gb(rwrj):( ! )3/4exp [—(r_rj)2] with

T2 20712
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Atom In a nearly-harmonic potential

Deep OL potential Vo > FE, (s >1) and kg1 < hv (lowestBB n = 1)

2

h2 o, _
eV V(e )| o) = ot

V(r~r;)~ M2”2 (r—r;)? with v~ 2]\‘%;2

— Ground state of the harmonic oscillator

1 3/4 2
gb(I‘ ~ rj) — <7T(57“2> eXp [_ (r25:2]) ]

with  o7r2 ~

Localized Wannier function w;(r) ~ ¢(r ~r;)

(tight-binding approximation )

e

vV
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Hamiltonian for bosonic atoms

Boson field operator ¢(r [dPr DHr)d(r) = N, [W(r), o (@) =6 —r)
Hamiltonian

1= [0 §106) [~ o0+ V)| 600+ & [0 )0 00

with Veu(r) = Vor(r) + Vr(r) & g = 4”%;”“2 (as: s-wave scattering length)
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Hamiltonian for bosonic atoms

Boson field operator ¢(r [dPr DHr)d(r) = N, [W(r), o (@) =6 —r)

Hamiltonian

1= [0 §106) [~ o0+ V)| 600+ & [0 )0 00

with Veu(r) = Vor(r) + Vr(r) & g = 4W§jh2 (as: s-wave scattering length)

Second quantization | (r) = 3. b; w;(r)

with

Bj (13;’.): boson annihilation (creation) operator at site j ([Bj, 13;,] =0;;7)

bib; = #;: number operator at site j
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Bose-Hubbard (second quantized) Hamiltonian

Neutral atoms in deep optical lattice

(7,1)
with

Single-particle energy

[ V() |y ()2 = Vi ()

Tunneling (hopping) between i & j

J = fd3rw;‘(r)[ hQVQ + Vo (r )}wj(r) ~ %Ersg/4 e 2

On-site interaction (U > 0 repulsion; U < 0 attraction)

47ra3h2 1

3
U=g[d|w,)* ~ T (\/ﬂér?))

Jaksch et al, Phys. Rev. Lett. 81, 3108 (1998)

H:Z@ﬁj JZbTb+ an . A
; 4.5
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Single atom in a lattice
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Single particle iIn homogeneous lattice (1D)
Hamiltonian (g; = 0)
H=—J% (lzj){zjt1] + [zj+1)(z;|)

State vector

9) =3, ole,) |o) J\J

H |y) = EW |1 | = Difference equation

—J[@D(:I:j_l) + ¢($j+1)] = EW V(z;)

FASTQUAST, 25/09/09 — p. 11/27



Single particle iIn homogeneous lattice (1D)

Hamiltonian (g; = 0)
H=—J) (lz;@js1] + [zj+1)(x)])

State vector j_'/\ j/\H
) = D2 () |zy) <
d ¥ =d]
H |y) = EW |1 | = Difference equation
—J[P(xj-1) +P(xj41)] = BEM ah(xy)

: o . Bloch band
Solution [infinite lattice (PBC)] S

hq(z;) = €%

= [hg) = 2, €1 |a;)

Dispersion relation  [q € [-Z, Z]]

1 I
By = =2 cos(qd) B T I
EY e [—2J,2J] W
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Single particle iIn homogeneous lattice (1D)
Hamiltonian (g; = 0)
H=—J% (lzj){zjt1] + [zj+1)(z;|)

State vector a2\

) = D2 () |zy) e

d X =dj

H |y) = EW |1 | = Difference equation

—J[w(a}j_l) + ¢(33j+1)] = EW V(z;)

Solution [finite lattice (V sites)]

Y (xj) = sin [—W%ii)j]

N . w(k+1)y
= o) = /o Sl sin [ o)
Energy eigenvalues [0 <k < N]
E,gl) — —2J cos {W](\lfill)} 5l | ‘
k

- (1) _ (1)
my oo By " = Ey
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Single particle in tilted lattice (1D)
Hamiltonian (¢; = Fj)
H=F)  jlz;)xj| —J > (lz;)(@jt1] + |zjp1)(z])

State vector

) =2 v(i)z) U, \

H |y) = EW |4 | = Difference equation

I [b(aj1) + Ua0)] = [ - Fjli(ay)
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Single particle in tilted lattice (1D)

Hamiltonian (¢; = Fj)

H=F) ;jlzj)z;| —J

State vector

) =325 (z;) [2g)

= 50 |y)

H 1)

—J|Y(zj-1) + (1))

Solution

Yi(x;) = Tj—r(5F)
= [¢k)
Energy eigenvalues
E(l) F#0

2mh

= TB = “F

— Zj Tj—k (%

F'k Stark ladder

period of Bloch oscillations

= Difference equation

EW — Fjl(xy)

> Uzi)(@jra] + zj41){z;])

Bloch band — Stark ladder

20F

10

F>J
) —

) | k)

[k € Z]

EMI
o

_10_

N=11

1 2 3 4 5
F/J
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Single particle in lattice & parabolic potential (1D)

\¥ 1.

Hamiltonian (¢; = 252) Q@i+1)

H=Q% . 5% w) (x| — T3> (lej)(zjal + |zje1)(x])
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Single particle in lattice & parabolic potential (1D)

Hamiltonian (¢; = 252)

H=Q% . 5% w) (x| — T3> (lej)(zjal + |zje1)(x])

Spectrum of H:

E "1

e/ >
,,,,, o@-1) Q(2j+1)
JQ=140 (N=31)
N ‘10‘ N ‘20‘ N ‘30‘ N ‘40‘ N ‘50‘ N ‘60‘ N ‘70
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Single particle in lattice & parabolic potential (1D)

Hamiltonian (¢; =Q5%)  ~ \J \/ \J] \/ \& . 1)
“~a - 7 M Q(@2-1)
H=Q% 5% ;)] — T3l (@] + [z541)(x5])
Spectrum of H:
8 - — —
(i) Modified Bloch band - Je=140 (=31)
6 L
—2J < EM <2J
o 4
@ j =0,+1,...with Qj2 < 2J g _
L 2
— " EW EW 0
N = 2[jmax] + 1 With jmax 13\/% “0 10 20 30 40 s 60 70
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Single particle in lattice & parabolic potential (1D)

,,,,,,,, o0
,,,,, ooy @

Hamiltonian (g; = Q52)
H =Q3%, 5% |zj){z;| — T3 (lej){zjal + lzjpa)(z])

Spectrum of H:

. . 8 - _ _
(i) Localized states - JQ=140 (N=31)
(1) °
By >2J fork >N
D 4
. w
= E,il,l, ~ 152 double-degenerate 2
[V kr) =2 |T1)5)) dl
with (7] > Jmax) “0 10 20 30 40 5 60 70
k=2l +1 & k' =2[j| +2 k
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Discrete harmonic oscillator
o BV EW . E). approx. linear (HO) spectrum:

EMY o~ 27+ hw(k+1) with  Fiw = 2v/CUJ]
k) o~ N (RN TSR HL(G) (1) with ¢ =5 /Q) ]
J
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Discrete harmonic oscillator

o BV EW . E). approx. linear (HO) spectrum:

Q

EM
k)

—2J + hw (k + 3) with  fiw = 2v/QJ]
NS TRk TV2emG 2 (¢) 1) it ¢ = §/Q/ )
J

Q

WP oscillations with period 15

10
~ 2r _ mh [J
T=T~TTVa —
& I
o
S 0
Q [
Initial state AN 5 ¢
=17 f
Wit =0) = Juf =) 10
8/ _§2-_-//2 -15 :
o — . e J—J €T
=27 22 ) 0 10 20 30 40 50
Time

Valiente, Petrosyan, EPL 83, 30007 (2008) FASTQUAST, 25/09/09 — p. 14/27



Two bosonic atoms In a lattice
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Two particles in Hubbard model (1D)

Hamiltonian (¢; = 0)
H = —J2 (e {zjen] + |wge(zsl) =225y il + [y41)(y51)
+U 25 125, y50(x5, yj]

J J J J
State vector T2aNNT2N TaNN2\%
J J
() =25 50 Uz, y50) |2, y50) \/\/\'/\/\/\N
X =dj y,=dj’

H ) = E® |4) | = Recurrence relation

—J W (zj_1,y) + C(zjq1,y50) + C(zy,y50-1) + (x5, y5011) |
+UG8;5: 0 (2j,y;) = E® U(x;,y;0)
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Two particles in Hubbard model (1D)

Hamiltonian (¢; = 0)
H=—J% (lzj){zjt1] + [zjo1)(x;|) — T 225 (lyi )yl + |y541)(y;5l)
+U 25 125, y50(x5, yj]

J J J J
State vector 72NN TaNN2 N
J J
ST R VAVAVAVAVAYAVA
X =dj y,=dj’

H ) = E® |4) | = Recurrence relation

—J W (zj_1,y) + C(zjq1,y50) + C(zy,y50-1) + (x5, y5011) |
+UG8;5: 0 (2j,y;) = E® U(x;,y;0)

R = 5 (x + y) center of mass & »r = x — y relative coordinates =

N |—

Two-particle wavefunction (with K center-of-mass quasimomentum)
U(x,y) = e b (r)

Recurrence relation (with Jx = 2J cos(Kd/2) and r; = di (i = j — j))
—Ji [ (ric) + 9 (ri)] + Ubnotbic (ri) = By e (1)
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Solution: Scattering states

Relative coordinate wavefunction
Vi, k(ri) = cos(k|ri| 4+ 0x k)

with i j scattering phase shift

U csc(kd
tan(dx k) = T4 cos(§<d32)
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Solution: Scattering states

Relative coordinate wavefunction
Vi, k(ri) = cos(k|ri| 4+ 0x k)

with i j scattering phase shift

__ Ucsc(kd)
4J cos(Kd/2)

tan(&KJg) =

o U =0 [dxr=0] = v r(r;) = cos(k|r;|): noninteracting bosons

o |U| — o0 [0r,k = 5] = YK k(r;) =sin(k|r;|): “fermionized” bosons [¢ k1 (0) = 0]

FASTQUAST, 25/09/09 — p. 17/27



Solution: Scattering states

Relative coordinate wavefunction
Vi k(r;) = cos(k|r;| + 0k k)

with i j scattering phase shift

__ Ucsc(kd)
4J cos(Kd/2)

tan(&K,k) =

o U =0 [0gr=0] = Yg r(r;) = cos(k|r;|): noninteracting bosons

o |U| — o0 [0r,k = 5] = YK k(r;) =sin(k|r;|): “fermionized” bosons [¢ k1 (0) = 0]

. o | | |
Spectrum of scattering states ol
2 _ |
By = —4J cos(Kd/2) cos(kd) .
azo |
Density of states S
1 4l
p(E’ K) X \/[4J cos(Kd/2)]2—E? 6
? -1 -ol.5 05 1

0 Kd/m

FASTQUAST, 25/09/09 — p. 17/27



Solution: Interaction-bound states

Repulsive interaction U > 0

Relative coordinate wavefunction

4]
Vi (ri) = #/L% (UK - \/W)

withithy =U/(2Jk) & Jx = 2J cos(Kd/2)

Dimer dispersion relation

Ef =./U?+4J%

E? /]

=

oEf/d:\U|:U

oEéB:\/UQ—I—lﬁj2 —

-4 2 0 2 4 -4-20 2 4 -4-20 2 4
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Solution: Interaction-bound states

Attractive interaction U < 0

Relative coordinate wavefunction S o)

K
Vi (ri) = 4\%{% (\/U% +1-— |UK|>

with Uy = (U/2Jk) & Jg = 2J cos(Kd/2)

Dimer dispersion relation

Ef =—-\U*+4J; =

E? /]

o BB = /U2 1+ 16J2

-4 -2 0 2 4 -4-20 2 4 -4-20 2 4
| | |
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Solution: Interaction-bound states

Strong interaction |U| > J

[EEN

- [T g K =0 B K| = 7/2d)] |K| = r/d
| | | fos | "
Relative coordinate wavefunction Soofe-mgy- e

-0.5
U2—J2 J |7'|
wK(Tz)’i U2_|_JI2I§ (_TK) =4 8
6
localization length ¢ < [2In(U/2J)]7! 4
(<1forU)J > 2\/e= =
_ _ S
Tightly-bound dimer N,
-4
Dimer dispersion relation 6 g S
-8 . 1 . 1 . 1 .
EB ~ (U —-2J) —2J cos(Kd) N 0% ° Kdjx '
= g K=ol """ TRIkl=xp2d | T W K|=r/d
with (U — 2J) dimer “internal” energy §°'j____.|.____ ___.I.___ I
J = —2J2 /U effective tunneling rate Y-} R —— | L ]

-4 -2 0 2 4 -4-20 2 4 -4-20 2 4
| | |

|

Valiente, Petrosyan, JPB 41, 161002 (2008) FASTQUAST, 25/09/09 - p. 18/27



Effective dimer Hamiltonian

Heg = ( —2J ZmJ—JZ cj+1+cj+1c])
with
Cj (é}) dimer annihilation (creation) & m; = é;r.éj number operators at site j

J= —% effective tunneling rate; (U — 2j) dimer “internal” energy
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Effective dimer Hamiltonian

Heg = ( —2J ZmJ—JZ c]+1+cj+1c])
with

Cj (é}) dimer annihilation (creation) & m; = é;f.éj number operators at site j

J= —% effective tunneling rate; (U — 2J) dimer “internal” energy

Second-order perturbation theory: 2102,/000, 2929 2i2d 100200, -

Energies of |2,0) & |0, 2) differ from |1,1) by U

++[05]15(15/05 -

For |U| < 1 transition |2,0) — |1, 1) is non-resonant

= On-site interaction U (= 0) binds two atoms into a dimer
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Effective dimer Hamiltonian

Heg = ( —2J ZmJ—JZ c]+1+cj+1c])
with

Cj (éj.) dimer annihilation (creation) & m; = é;f.éj number operators at site j

J= —% effective tunneling rate; (U — 2J) dimer “internal” energy
Second-order perturbation theory: w0200 223 22000200 -
| | VR
Energies of |2,0) & |0, 2) differ from |1,1) by U §
010

For ﬁ < 1 transition |2,0) — |1, 1) is non-resonant

= On-site interaction U (= 0) binds two atoms into a dimer

But |2,0) — — |0,2) is resonant (second order in J)

= J = ——(<< J) effective (second-order) tunneling rate for dimer
[& 2J second-order dimer level shift: (U — 2.J)]
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Repulsively bound atom pair: Experiment

Single dimer

0 20 40 60 80
Hold time (ms)

Winkler et al, Nature 441, 853 (2006) FASTQUAST, 25/09/09 — p. 20/27



Dimer In lattice and parabolic potential

)
=

Hamiltonians

A

@H =3[90 + %iy(iy; —1) — J(blbj1 + b1, b))
(b) Heir = > [Q21; + (U — 2 )y — J(eléj 0 + &1 1¢5)]

~

[ =2Q, ;= 3in; & pP = Zp
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Dimer In lattice and parabolic potential

Hamiltonians

(@ H =3, [9%; +5n;(n; -
(b) Hegr = Y [Qj2%rm; + (U — 2J )iy —
€ b

=2Q, ;= 1n; & pP = 2p]

WP oscillations with period

D~ 2n _zmh [J _ nh [U
— W = 7Va T 2\Va
[hwP =2V QJ]
Initial state (shifted dimer ground state |Wg))
Wt =0) = [v§ =)
_ =7 Z‘e_£ _j//2€i7rj |1§)>
QU] /2 :
= Ve (=1)7125)
Parameters & =10, £ =140= NP ~ 11

Valiente, Petrosyan, EPL 83, 30007 (2008)

Site index |

'
(&)
T

-10

Siteindex j
5] o %) 5

=
o

5 J
AT
®
®
_l_ A
1) — J(b bjt1+ b]+1b )]
= A A
J(CJCJ+1 —i_cj—i—lcj)} a1
> 08
10 @«8421
(a) 0 i 6 80 10
Time

P

0.8

0.6

04

0.2

0

0O 10 20 30 40 50 60 70 8 90 100
Time
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Three particles in Hubbard model (1D)

Complete three-body spectrum [U = —10J]

0 =
v

E() Eea ; o \e .
—

Ea2

-10 § Ec2 ] . .
- Ea1 ) T |

_20— _

-3 _ Ep | | 5
-1 0

Valiente, Petrosyan, Saenz, arXiv:0907.3111
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Three particles in Hubbard model (1D)

Three-body continuum 107 . | . -
. o o v

Ee3 = e(kl) + G(kQ) + G(K k1 kg) ) oL E ]
e(k) = —2J cos(k) K =ki + ko + k3 L Eaz\—///
—10‘__ Ec2 5

L Ea1 i

_20— _

30— B | _'

-1 0 1
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Three particles in Hubbard model (1D)

Three-body continuum 10F ' | ' -
EC3 = e(kl) + E(kg) —+ G(K — ]Cl — kg) Ly O—\//E:i
6(k) = —2J COS(k) K =ki+ ko + k3 L N/
] -10c Ec2 7
Two-body continuum - Ea _
Ee = €2(Q) + ¢(K - Q) 20 i
€?(Q) = sgn(U)y/U% + [4J cos(Q/2)]2 -30—= l . .
~ (U —2J) — 2J cos(Q) -1 0 K/TT 1
Ea ‘ |
i ES—
= =
-12
U
Ea1
_1 ‘ |

= VL
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Three particles in Hubbard model (1D)

Three-body continuum 10F ' | ' -
. L L v
EC3 = E(kl) + G(kg) + G(K ]Cl kg) Q O— Eer |
e(k) = —2J cos(k) K=k +ko+ ks L e
] -10c Ec2 7
Two-body continuum - Ea _
Eer = e?(Q) + e(K — Q) -0 i
€(Q) = sgn(U)\/U? + [4] cos(Q/2)]? -30—=— l . .
~ (U —2J) — 2J cos(Q) -1 0 K/TT 1
Weakly-bound (off-site) trimers 43“
Eoi2) U + O(J) 10 ’
e Effective dimer-monomer exchange 2.J o | Ec2
-12
U
Ea1
_1 ‘ !

= VL
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Three particles in Hubbard model (1D)

Three-body continuum 10F ' | ' -
L . . v
EC3 = G(kl) + G(kg) -+ G(K ]Cl kg) Q O— Eus |
G(k) = —2J COS(k) K =k1 + ko + k3 L N/
] -10c Ec2 7
Two-body continuum - Ea _
Eer = e?(Q) + ¢(K - Q) -0 i
€(Q) = sgn(U)\/U? + [4] cos(Q/2)]? -30—=— l . .
~ (U —2J) — 2J cos(Q) -1 0 K/TT 1
Weakly-bound (off-site) trimers 43“
Ea12) 2 U+ O(J) 10 ’
e Effective dimer-monomer exchange 2.J o | Ec2
-12
Strongly-bound (on-site) trimer &U
Ey, ~ 3U -1 ‘ ‘

= VL
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Many-body physics
of the Hubbard model



Superfluid and Mott-Insulating phases for bosons
Bose-Hubbard Hamiltonian
: v U, .
HzZéjnj—J;b;bi—FEan(nj—1) (U>O)
J 52 J

€; — —M; | [n; — local chemical potential for grand canonical ensemble]
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Superfluid and Mott-Insulating phases for bosons

Bose-Hubbard Hamiltonian

H:Zqﬁj JZbTb+ an —1) (U > 0)
J (3,9)

€; — —M; | [n; — local chemical potential for grand canonical ensemble]

/U
o U > J(—0) ")

3
Energy per site: E(n) = —un + 1Un(n — 1)

min E(n) =>n—-1< & <n (n=0foru <0)

2
: : _ . N>=2
Mott insulating phase with n = integer <
—-—-— SF

(W) = ... [n)j—2(n)j—1|n)jIn)jr1In)jta. ..

! ND>=1
e Local number- (Fock-) state with no coherence MI JEr\~—_

N=1iEn ) oo
e Energy gap E, ;, ~ U for particle and hole excitations /| \<N>=°
oy T Kz

e Vanishing compreSS|b|I|ty o =0 [From Fisher et al., PRB 40, 546 (1989)]
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Superfluid and Mott-Insulating phases for bosons

Bose-Hubbard Hamiltonian

Hngjﬁj JZbTb+ an —1) (U > 0)
J VA

€; — —M; | [n; — local chemical potential for grand canonical ensemble]

/
o J > J.(~U) [MF: J.({n) = “)

D)= z% 2D]
3
Kinetic Energy E, o< J > U

Superfluid (BEC) phase

U—0 N>=2
W) = TT; S en ln); = Tl g} =TI, la); <
—t— sF
e Long range coherence (B}B,L') + 0 = Interference I P,
L MI ;Ep N~
e Gapless excitations N=1 e, o
n ' \(N) 0
e Finite compressibility on 0 0 Jc/U 70

[From Fisher et al., PRB 40, 546 (1989)]
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Superfluid and Mott-Insulating phases for bosons

Experimental observation of Quantum Phase Transition

& b SF (BEC)

Shallow OL: | J = U

Interference

Deep OL:|U > J

No Interference

[From |. Bloch, Nature Phys. 1, 23 (2005)]
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Superfluid and Mott-Insulating phases for bosons

In-trap density & phase distribution  (OL + HP)

wU (a) (b)
3.0

2.0

1.0

[from: Bloch, Dalibard, Zwerger, RMP 80, 885 (2008)]
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Metal and Insulating phases for fermions

Fermi-Hubbard Hamiltonian  [{f;0,f}, ..} =0;000r 75,0 = f] . fj,0(=0,1)]

H=> ey +n1)—J > [l fiatUD njihr  (U>0)
j o, i
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Metal and Insulating phases for fermions

Fermi-Hubbard Hamiltonian

J
OL + HP (3D)
A Metal:
J=0

delocalized atoms

B Mott-Insulator:

localized atoms

C Band-Insulator:

Ro.st -
:
0=/ \_|

20.5} / \ |
<
0 : _
0 0 5

(7,1)
o=,
U<E<12J
1
Los
0
-50 0 50
U>E,>12J

-50 0 50

E;>12J, U

-5 0

Distance from
trap center r (d)

[{fj,aa f;-r/J/

H = Z&‘j(’ﬁj,l + ﬁj,T) —J Z f;'r,gfi,a + UZﬁj,lﬁj,T

J

no,(j: 0'1, pP= 0-1

Nos=05, p=0

L) (D) ()
reey

n0.0'= 1: [0 1

[from: Schneider et al., Science 322, 1520 (2008)]

} = 6855000r Njo = ] fi,0(=0,1)]

(U > 0)

Kinetic energy

Trap (Fermi) energy
Ey = Q[3N, /2m]?/3

with
e; = Q42 +j2 + j2)
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Summary

# Cold atoms in optical lattice potentials can implement important
models of cond.-mat. physics (Hubbard, Heisenberg spin-%, etc.)

# Interacting atom pairs can form tightly-bound dimers in a lattice
» Dimer-monomer (particle) exchange interaction can bind them into trimers

o Many-body dynamics in a lattice can exhibit quantum phase
transitions

FASTQUAST, 25/09/09 — p. 27/27



Summary

# Cold atoms in optical lattice potentials can implement important
models of cond.-mat. physics (Hubbard, Heisenberg spin-%, etc.)

# Interacting atom pairs can form tightly-bound dimers in a lattice
» Dimer-monomer (particle) exchange interaction can bind them into trimers

o Many-body dynamics in a lattice can exhibit quantum phase
transitions

Further reading

O. Morsch and M. Oberthaler, Rev. Mod. Phys. 78, 179 (2006)

l. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys. 80, 885 (2008)

M. Lewenstein et al., Adv. Phys. 56, 243 (2007)

D.C. Mattis, Rev. Mod. Phys. 58, 2, 361 (1986)

M.P.A. Fisher, P.B. Weichman, G. Grinstein, and D.S. Fisher, Phys. Rev. B 40, 546 (1989)

S. Sadchev, Quantum Phase Transitions (Cambridge University Press, 1999)
F.H.L. Essler et al., The one-dimensional Hubbard model (Cambridge University press, 2005)

FASTQUAST, 25/09/09 — p. 27/27



	Outline
	Outline
	Outline
	Outline

	 
	Optical dipole potential
	Optical dipole potential
	Optical dipole potential

	Optical lattice potential
	Optical lattice potential

	Atom in a lattice
	Atom in a lattice
	Atom in a lattice

	Atom in a nearly-harmonic potential
	Atom in a nearly-harmonic potential

	Hamiltonian for bosonic atoms
	Hamiltonian for bosonic atoms

	Bose-Hubbard (second quantized)
Hamiltonian
	 
	Single particle in homogeneous lattice (1D)
	Single particle in homogeneous lattice (1D)
	Single particle in homogeneous lattice (1D)

	Single particle in tilted lattice (1D)
	Single particle in tilted lattice (1D)

	Single particle in lattice & parabolic potential (1D)
	Single particle in lattice & parabolic potential (1D)
	Single particle in lattice & parabolic potential (1D)
	Single particle in lattice & parabolic potential (1D)

	Discrete harmonic oscillator
	Discrete harmonic oscillator

	 
	Two particles in Hubbard model (1D)
	Two particles in Hubbard model (1D)

	Solution: Scattering states
	Solution: Scattering states
	Solution: Scattering states

	Solution: Interaction-bound states
	Solution: Interaction-bound states
	Solution: Interaction-bound states

	Effective dimer Hamiltonian
	Effective dimer Hamiltonian
	Effective dimer Hamiltonian

	Repulsively bound atom pair: Experiment
	Dimer in lattice and parabolic potential
	Dimer in lattice and parabolic potential

	Three particles in Hubbard model (1D)
	Three particles in Hubbard model (1D)
	Three particles in Hubbard model (1D)
	Three particles in Hubbard model (1D)
	Three particles in Hubbard model (1D)

	 
	Superfluid and Mott-Insulating phases for bosons
	Superfluid and Mott-Insulating phases for bosons
	Superfluid and Mott-Insulating phases for bosons

	Superfluid and Mott-Insulating phases for bosons
	Superfluid and Mott-Insulating phases for bosons

	Metal and Insulating phases for fermions
	Metal and Insulating phases for fermions

	Summary
	Summary


